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■ Abstract 

We introduce a family of local deformations for meromorphic connections on 
in the neighborhood of a higher rank (simple) singularity. Following the scheme in 
Malgrange [16-18] we use these local models to prove that the zeros of the tau func- 
^ I tion, introduced by Jimbo, Miwa, and Ueno in their pioneering work on "Birkhoff" 

deformations at irregular singular points [12], occur at precisely those points in 
• the deformation space at which a certain Birkhoff-Riemann-Hilbert problem fails 

^ . to have a solution. 

O 

', §1 Introduction 

OO , 

0\ i The Riemann-Hilbert problem and monodromy preserving deforma- 

tions. Suppose that A{x) is an p x p matrix with entries that are rational functions 
of X on P^. Linear differential equations 

'. ^ 

C/3 



- 

X 



^ = A{x)i;, (1.0) 

arise in many important applications and have been studied intensively for more 
' than 100 years. The nature of the singularities in the coefficient matrix A{x) at its 

^ poles has a lot to do with the character of the solutions to (1.0). For example, in the 

neighborhood of a point a where A{x) has but a simple pole it is well known that 
the equation (1.0) has a fundamental solution, \l/(a;), with polynomially limited 
growth as X ^ a (by which we mean that solutions are dominated near x = a 
by c\x — a|~^where c and are constants). Higher order poles in A{x) typically 
produce local fundamental solutions with more complicated exponential-polynomial 
growth near the pole. Fundamental solutions to the equation (1.0) are usually not 
single valued. If one has a fundamental solution "^{x) defined for x in some small 
ball not containing any of the poles, {ai, 02, ... , a„}, of A{x) then it is possible to 
analytically continue \l/(x) along paths in P^ which avoid these poles. The analytic 
continuation depends only on the homotopy class of the path, so that the resulting 
function, \E'(x), is defined not on P^ but for x in the simply connected covering 
space, 71{X), of X := P^\{ai, 02, . . . , an} with projection tt : TZiX) — * X. If 
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xo G T^iX) and 7 is a closed path in X with base point n{xo) then 



*(7 • Xo) = *(a;o)M(7) 
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where a;o — 7 • a^o is the natural action of the homotopy class of the path 7 on 
xq e TZ{X), and 7 M{j) is an n dimensional representation of the fundamental 
group 'Ki{X,7t{xo)). Riemann's analysis of the solutions of the hypergeometric 
equation in terms of its monodromy representation M(-) led to the general problem 
of determining if any representation of the fundamental group of the punctured 
sphere could arise as the monodromy representation for a linear differential equation 
(1.0). It is clear from simple examples, that there will not be a unique association 
between a representation of tti and a differential equation (1.0) without some further 
restriction on the differential equation. It is possibly most natural to look for a 
differential equation with simple poles to realize a given monodromy representation. 
It is not always possible to solve this problem [1] but if one relaxes the condition 
on the differential equation to admit regular singular points then then it is classical 
that the inverse monodromy problem always has a solution (a good discussion of 
the confusion about the status of the solution to this problem can also be found in 
[1]). A pole a of A{x) in (1.0) is said to be a regular singular point if fundamental 
solutions to (1.0) have at worst polynomial growth at a. Because the fundamental 
solutions are defined on the simply connected covering and paths that wind around 
the point a pick up powers of the local monodromy, the precise notion of polynomial 
growth requires some restriction to sectors in the covering space [1] . More important 
for us, however, is a deformation variant of the simple pole condition. Suppose that 
for some collection of points {a°, a^, . . . , a° } a given representation of 



can be realized by a differential equation (1.0) with simple poles at j = 1, 2, . . . , n 
and a fundamental solution \l/(x) normalized to \I/(ao) = / at the base point ao- In 
this case, we write A^{x) for the matrix coefficient in the differential equation (1.0) 
which realizes the appropriate monodromy representation. Since A^{x) has simple 
poles. 



The problem, first formulated by Schlesinger [19], is to ask whether it is possible 
to deform the coefficients in A^{x) as functions of the pole locations a^, so that 
the differential equation (1.0) with coefficient matrix 



TTi (P^{a«,a«,..., 
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realizes the same monodromy representation as as the differential equation with 
coefficient matrix (1.1) (we will be more precise about what this means later on). 
Note that we've written a = (ai, 02, . . . , a„) and we want 

A,{a')=A4a'i,a'^,...,a'i)=Al. 

When the point at infinity is a regular point and gq — 00, Schlesinger showed that 
if such a deformation exits the coefficients Ai, must satisfy a non-linear system of 
differential equations 

now called the Schlesinger equations. A modern treatment of the existence question 
can be found in [17]. If we write a G C"^ then as might be guessed from looking 
at the Schlesinger equations it is important to remove the points at which = 
from consideration. Let 

and define 

Z'^ = ^ly^fi ^^JLU- 

As observed by Malgrange an appropriate place to seek monodromy preserving 
deformations is the simply connected covering space 71{Z'^) — > Z'^. Because this 
same space will enter our considerations with a different significance later on, it 
will be useful at this point to introduce distinctive notation for elements in TZ{Z'^) 
and their projection onto Z'^. We will write t G TZ{Z'^) and a{t) G 71{Z^) for the 
projection of t on 71{Z'^) C C". We write aj{t) for the j*^ component of a{t). 

As pointed out in [17] and [11] the space TZ{Z'^) has a number of advantages 
as a deformation space. Not only is it simply connected but since is contractible 
[7] the long exact sequence associated with the fiber bundle projection 

a : 7^(Z") ^ Z'^ 

shows that all the higher homotopy groups of TZ^Z"^) are also trivial and hence 
that TZ{Z'^) is contractible. Since Z'^ is the complement of the zero set of an 
an analytic function on C"^ it is a Stein space and since TZ{Z'^) is an unramified 
covering of Z"^ it too is a Stein space [9]. The consequent triviality of the sheaf 
cohomology {TZ{Z'^) , O*) plays a role in giving a global definition of tau functions 
following [11]. Finally, although it will not be the principal focus of the deformations 
we consider in this paper we indicate the crucial property used to construct the 
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Schlesinger deformations considered in [17] and [11]. Let Yk denote the subset of 
X 7^(Z'^) given by 

Yk = {{x,t)\x = ak{t)}. 

Let 

i^oo = {(oo,^)|^e7^(z")}, 

and 

y = Foo U Fi U ^2 U • • • U Fn. (LI) 

Then the property, which is exploited in [17] to construct the Schlesinger deforma- 
tions, is that for any choice of to G 71{Z^), the injection 

P^{a?, 4,... a^, oo}3x^ {x, e x 7e(Z")\r 

induces an isomorphism of fundamental groups (where = (ij{iP) is the j^^ coor- 
dinate of the projection). Using the correspondence between flat connections and 
representations of the fundamental group from [6], this allows one to prolong the 
original connection from P^\{ai, a^, . . . , a^, oo} to P^ x 'R{Z'^)\Y in a holonomy 
preserving fashion. The crux of the existence proof for the Schlesinger deformations 
is then to extend this connection to a neighborhood of Y so that it has logarithmic 
poles along Y . In [17] (and by a similar construction in [11]) this is accomplished 
by exhibiting local deformations in a neighborhood of each and then proving 
that these can be fit together to provide a solution to the deformation problem if 
and only if a certain Predholm integral equation has a solution. We will consider a 
related construction later on in this paper. 

Some further analysis then leads to the existence of a holomorphic function r 
defined on TZ{Z^) whose set is an exceptional set for the solution of the original 
deformation problem. In this paper we wish to use similar constructions to examine 
a somewhat different class of deformations. Our goal will be to show that the r 
function introduced by Jimbo, Miwa, and Ueno [12] in a study of such deformations 
has a similar property. Namely, that the zeros of these tau functions are exceptional 
sets for the solution of a deformation problem. 

Birkhoff deformations. The deformations we wish to consider are associated 
with Birkhoff 's generalization of the Riemann-Hilbert problem [5]. To understand 
what is involved it is useful to review the analysis of solutions to linear differential 
equations 

with a rational matrix valued coefficient A{x) in a neighborhood of an irregular 
singular point. A helpful modern review of this subject can be found in [23]. 
Suppose that a; = a is a pole of A{x) of order r + 1 then we have 

A{x) = Ar{x - a)"*""-^ + Ar-\{x - ay H 
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The integer r is called the rank of the singularity and for the moment we will confine 
our attention to the case r > 1. The theory of formal solutions to (1.0) is much 
simplified by one further assumption which we will make from now on. We require 
that 

Standing Assumption (1.2). The coefRcient, Ar, of the leading singularity in 
the Laurent expansion of A{x) at x = a has distinct eigenvalues. 

This assumption, of course, guarentees that Ar can be diagonalized by a non singular 
matrix G 

G-^ArG = Ar 

where is a diagonal matrix with distinct complex entries. In such circumstances 
(1.0) has a unique formal fundamental solution 

$(x,t) = Ga(x)e^(^) 
where a{x) is an n x n matrix valued formal power series 

a{x) ^ I + (3i{x-ay + P2{x - af + ■ ■ ■ 

and 

H{x) = A,^^^^ + A,_i^^^^^ . • . + Ai^^^^ + Ao log{x - a), 
—r —r +1 —1 

where all the matrices A^ are diagonal with diagonal entries 

Afcj := (Afe)jj. 

The construction of this formal solution hinges on the inversion of ad(Ar) acting on 
the off diagonal matrices. Since the eigenvalues of ad(Ar) acting on the off diagonal 
matrices are differences of distinct eigenvalues for our standing assumption 
guarentees that this can be done. It is quite typical that the series for a does not 
converge and this leads to some complication in making a connection between the 
formal solution to (1.0) and genuine solutions to this equation. Before we turn to 
this matter we mention a slightly different way of looking at this result which will 
make it simpler for the reader to connect this way of thinking with the developments 
in [17], [11], and [23]. 

Now write d = and d = and instead of the differential equation (1.0) 
one regards the connection 

dx (d - A{x)) + dx 0d, (1.3) 
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on the trivial bundle 

pi X CP ^ F\ 

as the fundamental object. If {ai, 02, . . . , a„} is the set of poles for A{x) then 
flat sections, ip, for (1.3) defined locally in P^\{ai, 02, ... , a„} are solutions to the 
differential equation (1.0). 

Gauge transformations (e.g., multiplication by smooth invertible matrix valued 
functions of x) which are holomorphic (or meromorphic) in x do not change the 
dx®d part of the connection (at least away from the singularities) and the solution 
of the differential equation (1.0) is effectively accomplished by gauging d — A{x) 
into diagonal form by such a gauge transformation. The formal gauge substitution 

can then be seen to reduce the connection (1.3) to the diagonal form 

dx®{d — h{x)) + dx 
where h{x) := A fundamental solution to the differential equation 

{d - h{x))ip = 0, (1.4) 

is given by 

which is well defined modulo the possible appearance of a multivalued log term in 
H{x). This accounts for the structure of the formal fundamental solution above 
but the relation between this formal solution and a genuine fundamental solution 
is complicated by Stokes' phenomena which we will now describe. 

We first adopt some notation and definitions from [23] . E will denote a sector 
with vertex at the origin, consisting of points re*^ with r > and argument 6 e (a, h) 
with < a < 6 < 27r. For 5 > 0, we write for the subset of E with r < 5. If S and 
S' are two sectors we write S' CC S if the bounding rays for E' are contained in 
E. An open set O C S is said to be asymptotic to the sector E, if for each E' CC E 
we have E^ C Q for all sufficiently small 5. We introduce vA(E), a complex algebra 
of germs of analytic functions defined on open sets asymptotic to S consisting 
of functions which are asymptotic to formal meromorphic series. The asymptotic 
condition on / e A{T?) is understood to mean that there exists a formal series 

k>m 
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with m > — oo so that for any S' CC S and any integer M one has 



M 



f[x) = fkx^ + 0{\x\^+^) as X ^ in S'. 

k>m 

The basic local existence result for solutions of (1.0) near x = a (and we take a = 
for convenience) is that if a sector E is chosen appropriately, there is a function 
(or germ) a-£ G -^(S) which is asymptotic to a with the property that the gauge 
transformation by a^^ reduces the differential equation (1.0) to the diagonal form 
(1.4) in an open set Q asymptotic to E. To describe the non-uniqueness for cke, 
upon which the Stokes' phenomena hinges, we introduce 

ctE.fe = /c*'^ column of cts, 

and 

Hk{x) = A;*'* diagonal entry of H{x). 

Another way to state the existence result mentioned above is that the n vector 
valued functions 

are independent solutions to (1.0) in some open set Q. asymptotic to the sector S. 
Because the functions aY,,k{x) are asymptotic to power series the "growth" of the 
functions ipk{x) as x — > is controlled by the exponential factors e^'^^^^ which have 
absolute value e^^'' (where =real part of x). Now let 

/^H^k{x) = ^{H^{x) - Hk{x)). 

The curves along which 

Aif,fc(x)=0, (1.5) 

play an important role in understanding the relationship between formal solutions 
and analytic solutions near the singularity at a; = 0. To get an idea of what such 
curves look like near it is enough to consider the leading order equivalent of (1.5). 
This is 

^{K,j - K,k)x-'' = 0. (1.6) 

Since each difference A,, — A^ ^ 7^ it follows that there are 2r rays emanating 
from which satisfy (1.6) given by 

arga; = ^ ^arg(A^j - A^^^) + {n+ ^)7r^ , forn = 0, . . . , 2r - 1. 
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These rays are called Stokes' lines. Near x — the family of solutions to (1.5) 
consists of 2r curves each asymptotic to one of the Stokes' lines (1.6). The property 
of the Stokes' lines that will be important for us is that any open sector which 
contains one of the Stokes' lines (1.6) will contain points with AHj^ < and also 
points with AHjk > 0. 

Now suppose that one crosses such a Stokes' line going from AHjk < to 
AHjk > 0. One moves from a region in which ij^kix) dominates il^j{x) as a; —> to a 
region in which this dominance relation is reversed. For the purpose of illustration 
assume that AHjk{x) < for a; in some truncation of E. Then for any constant 
c one finds 

V'fc + cijj = (as,fc + cas^je^^-^^)e^\ 
and because e^^ ~^*= is exponentially small in it follows that 



where Sfc is the k^^ column of the formal series a. Thus the less dominant solution 
'^j may be freely mixed in with if^k without effecting the asymptotics of aE,/e- In 
this way one sees that genuine solutions with a given exponential behavior are 
not uniquely determined by the asymptotics of their "power series component". 
One obvious way to "cure" this particular non-uniqueness would be to include a 
Stokes' line from the family AHjk = in the sector S. The exchange of dominance 
across the line makes it impossible to alter t/j/s by adding in multiples of tj^j without 
changing the asymptotics of as.fc and vice versa. In fact, if one includes exactly one 
Stokes' line from each of the families (1.6) for j < k then a simple argument [22] 
shows that a genuine fundamental solution 

in Tig is uniquely determined by the condition that the asymptotic expansion of 
a-£ is given by a. What's more there is also an existence result for such sectors 
which can be proved using a variant of the usual integral equation technique but 
employing different contours for the each of the matrix elements in the solution (see 
the references in [23]). Following [16] we call such sectors good sectors. It is not hard 
to see that a punctured neighborhood of can be covered by 2r (truncated) good 
sectors "Ei^s which we will take to be arranged in counterclockwise order starting 
with T,i^s- Because each good sector contains exactly one Stokes' line from each 
family (1.5), it follows that the intersections S^^^ nS^+i^^ do not contain any Stokes' 
lines. On this overlap the two local fundamental solutions a-^^e^ and aj:^_^_^e^ of 
(1.0) necessarily differ by a constant invertible p x p matrix Si^i+i, 

a-Ei+^e^ = aJ:^e^ Si^i+i. (1.7) 
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The matrices S'l^j+i are called Stokes' multipliers and must satisfy a triangularity 
property which we will now explain. Since ,5nSj_|_i 5 does not contain any Stokes' 
lines, it follows that for each fixed choice of (j, k) the quantity AHj^ is either always 
positive or always negative in E^^^ n (at least if 5 is small enough so that the 

Stokes' lines are good "stand ins" for the curves AHjk = 0). Thus there is a fixed 
dominance ordering 

for X G n Sj_|_i^5, and some permutation (^1,^2, . . . , in) of 1, 2, . . . , n. If we write 
(1.7) in matrix form relative to the ordered basis {e^^, ei^, . . . ,ei^} then the matrix 
of Si^i+i relative to this ordered basis must be lower triangular with I's on the 
diagonal in order that Si^i+i should only alter a-£. by exponentially small terms. 
Another (basis independent) version of the same observation is that 

e^Si,i+ie-^ = 1 + 0{\x\^), for a; ^ in ^^,5 n (1.8) 

for some e > and all positive integers N. The relation (1.7) allows us to construct 
a fundamental solution ^' to (1.0) in a neighborhood of x = a by analytically 
continuing the fundamental solution a-£^e^ from Ei 5 to S2,<5 to S3 5 and etc. The 
result is 

' asi(a;)e^*^^'' for x e Si,^ 

aj:^{x)e^^''^S7l for xe^26 
^(x) ' ''^ ' (1.8) 

. aE2,(a;)e'^(^)5f^^ for x e E2r,s 



where we've written 



Sl,k — 5'i,2'S'2,3 • • • Sk-l,k, 



and it is understood that the logarithmic term in H{x) is analytically continued 
from El to S2 to ... to T,2r- If we write S2r,i for the Stokes' multiplier connecting 
^2^. with El then it is not hard to see that the analytic continuation of aj:^{x)e^^''^ 
around x = a comes back to its original value multiplied on the right by, 

e^(-''''-)-^(-\S,,2rS2r,l)-' = e^^^" (5i,2.52,,i)-\ (1.9) 

The matrix (1.9) is thus the local monodromy for the fundamental solution (1.8). 
We will refer to the exponent of formal monodromy Aq, together with the Stoke's 
multipliers Si^i-^-i as the generalized monodromy data for (1.0) at x = a. Roughly 
speaking the deformations of (1.0) we are interested in are those that fix the local 
generalized monodromy data at each of the singularities for (1.0) and fix the global 
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monodromy for (1.0) but permit the formal expansion coefficients (A,., Ar-i, . . . Ai} 
at each singularity to vary. The global monodromy is precisely the representation 
of the fundamental group described earlier and we will say a more about this later 
on following the presentation in Malgrange [17] and Helmink [11]. Generalizations 
of the Schlesinger deformations in which the location of the poles are varied are also 
quite interesting; however, the issues we wish to pursue have already been treated 
for these deformations in [17] and [11], and so for the moment we confine our 
attention to deformations of the local exponents {A^, A^-i, . . . , Ai}. Our strategy 
in studying these deformations will follow closely the developments in [18]. In 
fact, in [18] Malgrange already proves existence results for such deformations in the 
irregular singular case. However, we did not understand how to make use of his 
results to establish the connection with the JMU tau function that is the principal 
object in this paper. Instead, we will adapt an integral equation technique from 
Flaschka and Newell [8] to produce local models for the desired deformation at each 
of the poles. These local deformations arc then fit together by solving the same 
Toeplitz integral equations that one finds in [17]. The tau function is introduced 
by identifying its log-derivative as the connection one form for a flat connection on 
an appropriate determinant bundle. A computation shows that this connection one 
form differs from the JMU connection one form by a regular term and so the tau 
function we've introduced and the JMU tau functions have the same set. We show 
that this set is precisely the exceptional set for the existence of the deformations 
we are considering. 

Local analysis and Stokes' multipliers. It will be useful at this point to be 

a little more precise about the nature of the generalized local monodromy data 

that is to be "fixed" under the deformations that are of interest to us. These 

deformations concern the local model for our connections. Suppose that one starts 

— 

with a holomorphic connection V defined on a trivial bundle over a punctured 
neighborhood of the point a e with a singularity of type r at a (note: we will 
put a bar over connections defined on subsets of P-*^ to distinguish them from the 
connections in many variables that will soon appear as deformations). Suppose 
that the connection satisfies our standing assumption and that the trivialization is 

chosen so that the leading singularity in the one form for V has a diagonal matrix 
coefficient. Then V is formally gauge equivalent to the diagonal form 



dx — dxtlo — Aq 



dx 



(1.10) 



X — a 



where 




r 



A? 



(1.11) 
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where and Aq are diagonal matrices. More precisely there is a formal gauge 
transformation 

S°(a;) = I + P^{x - a) + p^{x - + . . . 

so that 

dx 



dx — dxH-Q — Aq- 



X — a 



where a ■ [X] = a[X]a~^. Note that it is actually the inverse of S° which reduces 
V to diagonal form. This is just how things work out if the relationship between 
a° and a fundamental solution to V is given along the lines explained above. 

The local analytic equivalence class of V is determined by further data which 
can be specified by choosing a covering of the punctured neighborhood of a by good 
sectors, Ei, E2, . . . , S2r (to somewhat unburden the notation we will write for 
the truncated sector E^^j when the precise value of 5 is not an issue). For simplicity 
in the following discussion we will always suppose that such a covering is obtained 
by first choosing a good sector Ei. The other sectors Ej are obtained from Ei 
by rotating counterclockwise by - radians. The Stokes' multipliers Sjj+i which 
connect local fundamental solutions with fixed asymptotics in the sectors Ej and 
Ej+i (with E2r+i = El) then determine the local holomorphic equivalence class of 
V°. The deformations we wish to focus on allow the local model 

VA:=4-d,H-Ao (1.12) 

X — a 

with 

H = ^3(a;-a)-^' (1.13) 

j=i ^ 

to vary in the sense that the diagonal coefficient matrices A^,, Aj,_i, . . . Ai vary in 
a neighborhood of A°, A°_]^, . . . A^ with A^ maintaining distinct eigenvalues and Aq 
held fixed. In what follows Aq will always denote a fixed diagonal p x p matrix. 

The Stokes' multipliers are to remain fixed under our deformations. However, 
since the Stokes' multipliers are significant relative to some choice of a covering by 
good sectors {Ei, E2, . . . , E2r} we must either fix this covering for all values of the 
deformation parameters (this is what is done in [22] and [12]) or say how the choice 
of covering affects the notion of "fixed" Stokes' multipliers. We follow Malgrange in 
adopting the second alternative. The choice of a good sector Ei is nearly equivalent 
to the selection of a suitable collection of "consecutive" Stokes' lines (one from 
each of the families (1.6)). Once one has selected such a collection of Stokes' lines 
any open sector which contains these Stokes' lines could serve as a good sector. 
However, we wish to put a further limitation on our good sectors. No Stokes' line 
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should lie on the boundary of a good sector. The reason for this is that for a fixed 
connection, the Stokes' multipliers associated with such a good sector are not stable 
under small rotations of the sector; Stokes' lines can rotate in or out the sector and 
this changes the associated Stokes' multipliers. Another way of saying this is that 
the local analytic equivalence class associated with a choice of a covering by good 
sectors and associated Stokes' multipliers is not stable under small rotations of the 
good sectors unless the sectors do not have Stokes' lines on their boundary. We will 
say that a covering {Si, S2, . . . , T,2r} of a punctured neighborhood of a by good 
sectors is stable if the good sector Ei has no Stokes' lines on its boundary. 
We now define a configuration space, C, for our local models (1-12), 

C := ZP xQP X ■■■ xQP, 

where there arc r — 1 factors C^. The first factor is, of course, the configuration 
space for the leading coefficient A^, and the remaining factors are associated 
with the Aj, j = r — Following Malgrange, we now introduce a fiber 

bundle, — > C. The fiber A^a over each point A := (A^, Aj._i, . . . , Ai) in C is the 
moduli space of all holomorphic gauge equivalence classes of locally defined type r 
connections on the trivial bundle {a; : |a; — a| < e} x (for some e > 0) which are 
formally equivalent to the connection (1.12-1.13). Or put another way, if Vi and 
V2 are two type r connections at a and they are formally equivalent to Va via ai 
and ^2, then Vi ~ V2 if a^^Si is convergent in a neighborhood of a (see [18]). 
Next we want to show that 

TT 

M^C, (1.14) 

is a fiber binidle with a natural fiat connection. This connection will play a role in 
providing a global sense to monodromy preserving deformations. We first discuss 
local trivializations for (1.14). Suppose that A° e C and write V for the con- 
nection (1.13) associated with A°. Suppose that {Ei,E2, . . . ,E2r} is a covering of 

a punctured neighborhood of a by stable good sectors for V . Then we can find 
a neighborhood U of A° in C so that {Ei, E2, . . . , E2r} is a stable covering at a 
for all Va with A & U (in fact, it is clear that U can be taken to be of the form 
Ur X X • • • X where Uj- is a sufficiently small neighborhood of A^ in Z^). 
It is a result of Malgrange and Sibuya, [18,20], that for any A e U and suitable 
choice of Stokes' multipliers Sjjj^i there exists a type r connection at a with local 
model Va and Stokes' multipliers Sjj-^-i relative to the covering {Ei, E2, . . . , E2r}- 
This connection is not unique but its local holomorphic gauge equivalence class is 
unique. To be "suitable" the Stokes' multipliers must be 1 on the diagonal and 
lower triangular relative to the dominance ordering of ^{Arjx) for a; e Ej fl Ej+i. 
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This identifies the fiber of Ai as C^^*-^ ^\ since there are 2r intersections S-,- fl 
and arbitrary coefficients for each Stokes' multipher. The choice of a neigh- 

borhood U and a covering {Ei, S2, . . . , S2r} which is stable for all Va with A e U, 
thus produces a trivialization 

7T-\U) ~ [/ X C^P(P-l). 

Note: The fiber Ma is more invariantly defined in [18], as H^{S^, St(VA)), the first 
cohomology of the Stokes' sheaf associated with the connection Va (see also [23]). 

We will now show that is a fiber bundle by determining that the transition 
maps between trivializations are given by polynomial diffeomorphisms in the fiber. 
Suppose that U' is a neighborhood in C with {E^, E2, . . . , ^3,.} a covering by sectors 
at a which is stable for all Va with A E U'. Now suppose that A e U dU' . Then 
since {Ei, E2, . . . , E2r} and {E'^, E2, . . . , E2^} are both good stable covering for Va 
it follows that, up to small changes in the opening angle of E'^^, which do not effect 
the Stokes' multipliers, E'^^ can be obtained from Ei by rotating Ei counterclockwise 
through an angle 6. To emphasize this we will write E^ = E^. Now let V denote 
a connection of type r at a which is formally equivalent to Va (i-e., 7r(V) = A). 
Suppose S is a formal series with 

V = S • [Va] 

in the sense of formal series at a. Suppose that G A{Tij) is asymptotic to a and 
V = ■ [Va] analytically in the sector E^. Then the Stokes' multipliers are 
defined by, 

«-+i(^)e^^(^^ = «,'(x)e^-(-)4,.+i, (1.15) 

where. 

There is a slight ambiguity in the definition of the Stokes' multipliers in (1.15) 
associated with the choice of a: ^ log(,T — a) in (1.16). To deal with this ambiguity 
we require that the data which specifies a local trivialization for — > C includes 
not only the choice of a stable good covering {Ei, E2, . . . , E2r} but also a branch of 
the function x log{x — a) in the sector Ei. One may analytically continue this 
choice from Ei to E2 to E3 and so on to fix a choice of log in (1.16) and render 
(1.15) an unambiguous defining relation for Sj In the rank r = 1 case there 
are only two sectors Ei and E2 and the intersection Ei fl E2 is disconnected. In 
this case we suppose that the analytic continuation from Ei to E2 is accomplished 
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so that the function is smooth on counterclockwise oriented circles passing from Si 
into S2. 

In the special case ^ = we will simply write q;° = aj and Sjj_^_i = Sjj+i. 

Now we turn to the proof that TVf ^ C is a fiber bundle. As noted above our 
trivializations depend on a choice of log(x — a) in However, different choices will 
simply alter Sjj_^i by conjugation with powers of exp(27riAo). Since this is a linear 
transformation in the fiber, constant in the base we may as well suppose that this 
choice of log(x — a) has been fixed in (and Si). The Stokes' multipliers (1.15) 
are thus well defined and the transition map we wish to compute takes {Sjj-^-i} 
to {Sj It is enough to compute the transition in the fiber for < 6 < 

since a larger rotation may be realized as a composition of rotations satisfying this 
condition. Suppose now that < ^ < ^ . Because the rotation 6 is smaller than ^ 
it follows that fl is not empty. We may thus compare the local fundamental 
solutions ajC^^ and ajC^^ on this intersection, 

aje^^ = a^e^^Sjie), (1.17) 

where Sj{9) is a constant pxp matrix. Combining (1.16) and (1.17) one finds that 

'^L+i = '5'j(^)'S'jj+i'S'j+i(6')"^ (1-18) 

Thus to find S'l^j+i in terms of the Stokes' multipliers {Sk,k+i} it will suffice to 
determine Sk{0) in terms of {Sk,k+i}- 

By relabling the eigenvalues, Arj j = 1, . . . ,p , of we may suppose that the 
dominance ordering in n E^+i is the "natural" one 

3?(Ar,ia;) < ^{Aj.,2x) < ■ ■ ■ < "^{Ar^px) 

for a; e Ej n Ej_|_i. It is not hard to see what happens to this dominance ordering 
as one rotates E^ fl E^+i counterclockwise. As E^ n E^+i crosses a "simple" Stokes' 
line, say 

^{Ar,ix) < 3fJ(A^,2a;) = 3fJ(A^,3x) < 3?(A^,3x), 

then the dominance ordering permutes 2 and 3 leaving the rest of the indices in 
sequence. If one crosses a Stokes' line with "higher multiplicity" , say 

^{Ar^ix) < U{Ar,2x) = U{Ar,3x) = U{Ar,4x) < ^{Ar^^x), 

then the (2,3,4) part of the ordering is inverted to (4,3,2). 

For the purpose of illustration suppose that p = 5 and that in going from 
Ej n Ej+i to T,j n E^_|_]^ one passes through the simple Stokes' line ^{Ar^ix) = 
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^{Ar,2x) and the higher multiphcity Stokes' hne ^{Ar,3x) — 3?(Ar,4a;) = 3?(Ar,5x). 
Then it is not hard to see that the Stokes' multipher for T,j fl '^j+i must have the 
following "triangularity" , 



S 



* 
1 

* 1 * 

* 1 

* 



(1.19) 



relative to the basis for in which Sjj+i is lower triangular. The *'s represent 
possibly non-zero entries. Next consider (1.17). Since aj and have the same 
asymptotics in the sector Ej flS^ it follows that Sj{6) must have I's on the diagonal 
and cannot have non zero off diagonal elements for any of the pairs associated with 
Stokes' lines in the intersection H S|. In the example (1-19) this means that the 
{£, m) matrix elements for Sj{6) are zero for 

(A m) e {{k, 1), {k, 2), (1, k), (2, /c) : A; = 3, 4, 5}. 

Since ^ < ^ it follows that n is contained in E^- fl E^ (provided at least 
one Stokes' line is crossed, which is the only interesting case). Thus one can also 
say of Sj{6) that it is lower triangular with respect to the dominance ordering in 
Ej n Ej+i. Thus for our example the matrix of Sj(9) must have the form, 



1 

a 1 

10 

6 10 

c d 1. 



(1.20) 



In a similar fashion E^nE^^.^^ is contained in Ej+iHE^^.]^ and it follows that Sj+i{6) 
must be lower triangular with respect to the dominance ordering for E^ fl E^^.^^. In 
our example, if we rewrite (1.17) in the form Sj ,j_^iSj-^i{9) — Sj{9)Sjj-\-i and 
make use of the lower triangularity of the product Sj jj^iSj-^i{9) with respect to the 
dominance ordering in E| Pi We find 
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The (2,1) matrix element of Sj{9) can be determined simply by equating the (2,1) 
matrix elements on both sides of (1.21). One finds 

= = -{Sj,j+l)2,l- 

The same thing can be done for the matrix elements b and d for Sj{d) on the 
subdiagonal. For example 

d = Sj {0)5^2 = -('S'i,j + l)5,2. 

Once one knows the subdiagonal elements one can move out to the diagonal below 
the subdiagonal. Equating (5,3) matrix elements for (1.21) one finds 

= C + d{Sjj+i)4,3 + {Sj,j+l)5,3- 

From the earlier relation for d one finds that c is a polynomial function of the matrix 
elements of Sjj+i. Thus the entries of Sj{6) are polynomials in the entries for Sjj+i 
and it is clear that this is true quite generally and does not depend on anything 
special in our example. From (1.18) it then follows that •S'j is a polynomial in 
the entries of Sjj+i and Sj+ij+2- Since this relation is invertible by construction 
it follows that the map from {Sk,k+i} to {S^ fe+i) ^ polynomial diffeomorphism 
on C'"^'(P-i). 

We've seen that tt : At — > C is a fiber bundle and that there is a natural family 
of trivializations for this bundle which are related by polynomial diffeomorphisms 
in the fiber that are constant in the base. Recall that the vertical vectors in the 
tangent space to M. at p, Tp{J\4), are those killed by diTp. A connection on Ai, is 
determined by a one form a; on whose value u>p{v) at a vector v e Tp{Jli) is a 
vertical vector in Tp{A4) at p; u> must have the further property that u!p{v) = v if v 
is a vertical vector in Tp{A4). Our trivializations single out a fiat connection on Ai. 
If 7r~^{U) has trivialization U x and /i,/2,.../jv are the natural coordinate 
functions on then it is easy to see that 

defines a connection one form independent of the choice of trivialization (among 
the special class of trivializations that we have been considering for M. in which 
the fiber coordinates transform among themselves). The curve 7(t) in M. is the 
horizontal lift of 7(t) = Ti^it) provided that u){^'{t)) = 0. Relative to one of our 
distinguished trivializations this translates into 
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where / G C is constant in t. The curvature of this connection is clearly and 
locally parallel sections look like 

a{x) = {x, /) 

where / is independent of x. Now let TZ{C) denote the simply connected covering 
space of C. As was the case for TZ^Z"^) above it will be convenient to introduce special 
notation for projection from 7?.(C) to C. We will write A e T^ifi) and A(A) e C for 
the projection of A onto C. 

The bundle M. over C with flat connection uj pulls back to a bundle over 'R{C) 
(which we will continue to denote hy M) with a flat connection (which we will 
continue to denote by a;). Because 7?-(C) is simply connected the bundle 

M n{C) 

has globally defined parallel sections. The existence of these global sections, which 
are the analogues of the local notion of "constant Stokes' multipliers" in C is the 
reason for working here in TZ{C) instead of just locally in C (note: the theory of 
local systems explained in [23] also applies to M. and could be used to bypass the 
introduction of a connection in the fiber bundle M). 

Local models for integrable deformations. Before we state our global result 
for 7?.(C) deformations we introduce some notation from [18] concerning connections 
in several complex variables. Suppose that X is a complex analytic variety of 
dimension n, y is a smooth hyper surface m. X, E is a, rank p complex vector bundle 
over X, V is a holomorphic connection on X\Y and Vt is the one form for V in a 
local frame for E. 

Definition 1.22. For r > an integer one says that V is of type r along Y, if in 
a system of local coordinates for X with Y locally dehned by xi = 

one has 

n 

Q = ^Mjdxj, 

where Mi has a pole of order r + 1 in xi, Mj for j >2 has a pole of order r in xi 
and Mj is holomorphic in X2,X3, . . . Xn for all j. 

Suppose that 

oo 

Mi= Mi^kxt 

-r-l 

Our standing assumption (1.2) for type r > 1 connections, translates into this 
situation as the assumption that Mi^-r-i{x2,xs, ■ ■ ■ ,Xn) has distinct eigenvalues. 
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We will refer to such connections as simple type r connections along Y. When r — 
we will say that a type connection is simple if Mi _i(x2, X3, . . . , x^) has distinct 
eigenvalues which in addition do not differ by integers. Malgrange has shown how to 
develop the theory of Schlesinger deformations without this assumption, but it will 
be convenient for us to insist on it so that we may work with regular and irregular 
singular points in parallel. Propositions (1.23a) and (1.23b) below are the principal 
reason that this is possible and will permit us to present the "unified" formula for 
dlogT which can be found in [12]. 

We recall some results of Malgrange for simple integrable type r connections. 
Suppose that one has a simple integrable type r connection V along Y and that, 
as above, Y is locally defined by xi — 0. Let y — {x2, x^, . . . , Xn) denote the local 
coordinates on Y. Then one has the following local version of Proposition 1.3 in 
[18]. 

Proposition 1.23a Suppose that (-E, V) is a vector bundle with a simple inte- 
grable connection V of type r > 1 along Y . There exists a local trivialization in 
a neighborhood of x = so that Mi is diagonal in this trivialization. Let Q 
denote the connection form for V in this trivialization. Then in a sufficiently small 
neighborhood |y| < e there exists a formal power series a in xi 

a{x) = I + Pi{y)xi + (32{y)xj H 

with matrix coefficients Pj{y) which are holomorphic in y for \y\ < e, with the 
property that 

a ■ [Va] =d + n 

where a ■ [Va] = SVack"^ is the formal gauge transformation by a, 

VA = d-d{U)-Ao — , 

Xi 

d is the exterior derivative in the x variables, Aq is a constant diagonal matrix, 

h = Ea.(i/)^, 

with Aj{y) a diagonal matrix with entries that are holomorphic functions of y , 
and Aj.{y) a diagonal matrix with distinct entries (note: in the statement of this 
Proposition A does not denote the projection Tl{C) — > C described above). 

There is an analogue of this result for simple type connections, which is the 
principal reason we work with such connections. 
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Proposition 1.23b. Suppose that {E, V) is a vector bundle with a simple integrable 
type connection V along Y. There exists a local trivialization near x = so that 
Ml _i is diagonal. Let denote the one form for V in this trivialization. Then in a 
sufEciently small neighborhood ofx = there exists a GL(p, C) valued holomorphic 
function 

a{x) = / + (3i{y)xi + (32{y)xl + ■■■ 



a[d- — \a-^=d + n. 



so that 

a[ d — 

\ Xi 

where Aq is a diagonal matrix which is independent of x . 

Remark: The conclusion of this theorem is simply that the connection V is given 
by (i — ^ in a suitable local trivialization. The analogy with Proposition 1.23a is 
not so apparent in this formulation, however. 

Proof (of Proposition 1.23b). Let O = X]j=i Mjdxj denote the connection one form 
for V relative to some trivialization in a neighborhood of a; = 0. Suppose Mi^-i{y) 
is the residue of Mi at xi = 0. Then the matrix Mi^_i(0) has distinct eigenvalues, 
so this remains true for Mi^_i(?/) for a; in a sufficiently small neighborhood of 0. 
Because its eigenvalues are distinct one may diagonalize Mi^_i(y) by a holomorphic 
similarity transformation 

g(2/)Mi,_i(2/)Q(2/)-i = Ao(2/), 

where Q{y) is holomorphic and Ao(y) is diagonal. Making a gauge transformation 
by Q one finds that the connection V becomes 

My) 



d - -^^dxi - J2 B'{x)dxj, 



Xl . 

where the B^{x) is holomorphic in x. By assumption the eigenvalues of Ao(0) do 
not differ by integers and so the same is true for Ao(y) if y remains in a sufficiently 
small neighborhood of 0. Now let z = x\ and consider the connection 

dz ^^^dz — (2, y)dz., 

z 

depending on the parameter y. Since the eigenvalues of Ao(y) are distinct and do 
not differ by integers, the standard construction of a fundamental solution (which 
depends on the inversion of ad(Ao) —nl where n = 1, 2, ... is an integer) shows that 
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one can find a gauge transformation (3{z, y) — I + 0{z) wliicli depends liolomorplii- 
cally on the parameters y and which transforms this connection to 



z 

The gauge transformation of the complete connection by this transform gives one 

d - ^dz - J2 B'+\z, y)dy^, (1.23) 

where yj — Xj+i. Now we express the integrabihty of this connection (dQ + Q AQ = 
0) expanding B^{z,y) in powers of z, 

oo 

B\z,y) = J2B^iy)^'- 

3=0 



Equating the coefficients of z ^ in the integrability condition we find that 

Mo(y) 



dyj 



Since Aq is diagonal the right hand side vanishes on the diagonal and this shows 
that Ao(j/) = Ao = constant. The left hand side vanishes off the diagonal and since 
the entries of Aq are distinct this implies that Bq must be diagonal. Equating the 
coefficients of z^dz A dyj in the integrability condition one finds 

ni?^= [Ao,Sy forn=l,2... 

which implies that = for n = 1, 2 . . . Thus the connection V has the form 



n-1 



dz -dz + dy-^ Bl'^'^{y)dyj 

^ 3=1 



The connection 



n-1 

dy-J2Bi+\y)dy, 

is integrable and so a gauge transformation, j{y), in the y variables reduces this 
connection to dy. Since B^'^^{y) is diagonal this gauge transformation may be 
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chosen to be diagonal and also may be chosen so that j{y) — I + 0{y). Since 7 is 
diagonal it does not alter the dz part of the connection. Composing P and 7 we get 
a gauge transformation a = I + 0{z) which reduces (1.23) to 

d -dz, 

z 

and this finishes the proof. QED 

Although we don't require the result until the next section it will be convenient 
here to recall Theorem 2.1 from [18]. Suppose that {E, V) is a vector bundle with 
a connection V that has a simple type r pole along the hypersurface Y defined by 
xi = 0. Let y = {x2, ■ ■ ■ , Xn) denote the coordinates along Y. Suppose that in a 
neighborhood of a point G Y, with coordinates xi = and y = 0, and relative 
to some local trivialization of the bundle one has a formal isomorphism, 

V = S-[Va], 

where Va is the diagonal connection described in Proposition 1.26a and a is the 
formal power series described in that same proposition. Suppose that S is a good 
stable sector (in the xi variable) for the connection V restricted to y = 0. Suppose 
that e > is chosen small enough so that for all yi with \yi\ < e, the sector S 
remains a good stable sector for the restriction of V to j/ = j/i. 
Then one has (Theorem 2.1 in [18]) 

Proposition 1.23c. There exists a uniquely determined invertiblc holomorphic map 
cts G X \y\ < e) such that on T,^ x \y\ < e and in an appropriate trivialization 

for E one has 

V = aj:-[VA\, 

and such that the map extends a in the sense that a-^ has an asymptotic 
development along Y which is equal to a. 

Remark. The consequence of this result that is of interest for us is that the for- 
mal isomorphism class Va together with the Stokes' multipliers determine the local 
holomorphic equivalence class of a simple, integrable type r connection. Two col- 
lections a-^j^ and a'-^^ associated with the same good stable cover {Ei,...,E2r} 
with the same Stokes' multipliers and the same asymptotics a clearly diff'er by an 
invertible holomorphic map. 

We are now prepared to state an existence result for a global version of a 
"Stokes' multiplier preserving deformation" which is however, local in the xi vari- 
able. The space we will work on is D x Tl{C), where D is the unit disk about 
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X = a in C and the connection whose existence we wish to demonstrate is a simple 
integrable type r connection along {a} x TZ{C) which has formal reduction to 

Vx = d-d{U)-Ao-^ (1.24) 

X — a 

where d = dj; + dx is the exterior derivative in the {x, X) E D x Tl{C) variables and 

H = VAfe(A)^^^^. (1.25) 

Note that Va = e^de~^ , is the gauge transform of the connection dhy , with H 
given by H + Aq log (a; — a). However, since H is singular at a; = a and multivalued 
this is not properly a global statement but does make sense locally. 



Theorem 1.26 Suppose that a is a parallel section for M. T^{C) . Let D denote the 
unit disk in C centered at a. Then there exists a holomorphic integrable connection 
V defined on the trivial vector bundle 

D X n{C) xcp ^Dx n{C), 

which has a singularity of type r > 1 along the hypersurface Y = {a} x TZ{C) such 
that the restriction of the connection V to D\{a} x Tl{C) is formally equivalent 
to the diagonal model Va defined in (1.24) and such that the the holomorphic 
equivalence class of the restriction of V to {D\{a}) x {A} is given by cr{X). 

Proof. We first recall a result of Malgrange and Sibuya, for which one can also find 
a detailed proof in [2]. Suppose that A G 7^(C) and a G Aix, where Aix is the fiber 
in A4 over A. Then on the trivial bundle D x — > D there exists a simple type r 
connection V singular at x = a in D, which has formal reduction to the diagonal 
model 

Va := d, - d,U{X) - Ao , (1.28) 

X — a 

and which has "Stokes' multipliers" given by a. In the version of this result that 
is proved in [2] the connection is shown to exist on a disk, Ds, of small radius 6. 
It is not difficult to use the Birkhoff factorization theorem to produce a connection 
defined on D\{a} with the same properties. Suppose then one has a connection V 
defined on the trivial bundle over Ds and satisfying the conditions above. There 
exists a connection Vext defined on the trivial bundle C\{a} x C\{a} with 

the same holonomy about the connection V (it is easy to produce such 

a connection with a logarithmic pole at a; = a). Because the holonomy of V and 
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of Vea;t about X — a are equal it follows that there is an annulus A containing the 
circle, S'5/2, of radius 5/2 on which the two connections are gauge equivalent. Thus 
there exists a holomorphic map g : A ^ GL(p, C) such that 

^ • [V] = Vext- 

The Birkhoff theorem gives us a factorization, 

where qq is holomorphic and invertible in a neighborhood of x = a containing the 
annulus A, Qoo is holomorphic and invertible in a neighborhood of 00 which contains 
the annulus, A, and A'" is a diagonal matrix with integer entries. The equality 

go ■ [V] = {x- ay goo ■ Wext] (1-29) 

on the annulus A, shows that the connection g^ ■ [V] extends to the punctured unit 
disk and since it is in the same local holomorphic equivalence class as V, we have 
finished the demonstration that we may work on the unit disk, D, rather than D5. 

To complete the proof of Theorem 1.26 wc proceed in two steps. First wc 
show that if we confine our attention to a sufficiently small neighborhood U of 
A e "^(C) then we can find a connection Vu defined over D\{a} x U which satisfies 
the conclusions of Theorem 1.26, with au the unique local flat section of M. with 
cr[/(A) = cr. We will prove this using a variant of the Flaschka-Newell integral 

equation to produce a "perturbation" of the connection V . We defer the proof of 
this result to Proposition 1.35 below. The second step is to put together the "local" 
solutions Vu to get something defined on all of TZ{C). We will now show how to do 
this. 

Let A — > cr(A) denote a flat section of Al — > TZ{C). For each point A e 7^(C) 
there exists a neighborhood U (A, cr) of A in which the construction of Proposition 
1.35 applies. Let lA denote a subcoUection of such open neighborhoods which is a 
covering for 7^(C) and for which U r\V is contractible for each pair U,V E U. We 
also suppose that each neighborhood U eU is chosen sufficiently small so that for 
5 > small enough there exists a sectorial covering {Si, ,5, ^2,5, . . . , T,2r,s} of the 
punctured neighborhood Ds\{a} which is stable and good for the all connections 

-d^H(A) - Ao-^ 
X — a 

with X E U. The construction of Proposition 1.35 shows that there exist holomor- 
phic maps 

:Ek,sxU^GL{p, C), 
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so that 

«fc ■ [Va] = V[/ on Ek,s X U. 
Furthermore the maps are related to one another 

where Sk,k+i '■ '^k,6 H S^+i 5 x U ^ GL(p, C) is a gauge automorphism of Va that 
is asymptotic to the identity to all orders ai x = a. RecaU that 

Sk,k+i{x,X) — Sk,k+ie~^ 1 

where 5'^,^+! is a constant matrix and is well defined once a choice of x ^ 
log(a; — a) is made for x G Si ,5. Suppose that U^V eU, then for X E U (IV , the fact 
that Sk,k+i does not depend on U implies that the collection of holomorphic maps 

{aiy' for A; = l,2,...,2r 

defines a holomorphic map, guv, in a punctured neighborhood, Ds\{a} x U nV, 
and the fact that Sk,k+i{x, A) is asymptotic to the identity to all orders in {x — a) 
implies that guv asymptotic to a power series near x — a that does not depend 
on the sector. This implies that guv is actually holomorphic on Dg x U (IV. By 
construction 

guv ■ [Vy] = V[7 on Ds\{a} xUnV. (1.30) 

This shows that the holonomy of the connection Vu and the holonomy of the 
connection Vy agree on D\{a} xUnV (since UdV is contractible the fundamental 
group of the product D\{a} x UCiV is determined by the first factor) and hence that 
they are holomorphically equivalent on all of D\{a} x U CiV. The map guv has an 
invertible holomorphic extension to all of -D x UdV with the property that g{0, A) = 
/ for all X e U r\V. It is not difficult to see that the gauge transformation guv is 
uniquely determined by (1.30) and this normalization. Because of this guvQvw = 
guw- Thus the collection {guv\U, V E U} is a, collection of transition functions for 
a holomorphic vector bundle over D x 71(C). But D x 71(C) is contractible since 
both factors are, and every bundle on D x 7Z(C) is thus topologically trivial. But 
D X 71(C) is a Stein space. It is a theorem of Grauert that on a Stein space every 
topologically trivial holomorphic bundle is holomorphically trivial [10]. Thus the 
bundle defined by these transition functions is holomorphically trivial. Thus there 
exists invertible holomorphic maps gu ■ D x U ^ GL(p, C), so that 

guv = gu^gv- 
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Equation (1.30) becomes 

9v ■ [Vv] = gu ■ [V[7], 

and we see that gu'[^u] defines a global connection on D\{a} xTZiC) which satisfies 
the conditions of Theorem 1.26. QED 

Now we turn to the proof of the perturbation result used in the proof of the pre- 
ceeding theorem. Suppose that V is a simple type r connection on the trivial 
bundle 

with singularity at a; = a in D. For the purpose of a technical result later on it will 
be convenient to choose a special trivialization in which to consider the connection 

V . Choose r < 1 and let A denote the annulus 

A — {x : r < \x — a\ < 1} d D. 

Choose a point p E A and let M denote the pxp invertible matrix which gives the 
holonomy of the connection V (with respect to the initial trivialization) along a 
counterclockwise oriented circle of radius |p — a| about a. Let 

m := log M, 

27rz ^ ' 

for some choice of a logarithm for M. The connection 



V . lA,x , 

X — a 

defined on the trivial bundle x has regular singular points at and oo and 
its restriction to A has the same holonomy representation as V . Hence there exists 
an invertible holomorphic map g : A ^ GL(p, C) so that 

^ . V = V on ^. 

Let g = g^{x — a)~^ go denote the Birkhoff factorization of with go holomorphic 
and invertible in D, goo holomorphic and invertible in {a; : |a; — a| > r} U {oo}, and 
N a diagonal matrix with integer entries. Thus 

^0 • V = {x-a) 5foo • V , 

and we see that by adjusting the trivialization on D x by go we may suppose 
that our connection V extends to a connection on the trivial bundle x — > P-*^ 
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with a regular singular point at oo (the resulting connection may not be of simple 

type at oo, however). In what follows we suppose that we are looking at V in just 
such a trivialization. 



Now suppose that the leading singularity in the connection one form for V is 
diagonal and that for the formal power series 



a'^ = I + P^^x - a) + (3^{x - af + 



we have 



a 



d,-d,H(AO)-Ao- 



dx 



X — a 



(1.31) 



where H is given by (1.25) and A*^ is some fixed element in 71{C) covering A(A'^). 

Note that the projection A'^ = A(A'^) is determined by V through (1.31). Let 
{El ,5, ^2,^, . . . , S2r,5} denote a stable good covering of a punctured neighborhood 
of a; = a for the diagonal connection VAo(see 1.28). Let — a^^^ G A{T,k) be a 
holomorphic function whose asymptotics are given by a and for which one has the 
analytical relation, 



d^ - cZ^H(A°) - Ao 



dx 



X — a 



(1.32) 



in the sector T,k,s- Finally suppose that on 'Ek,s H Sa;+i,<5 we have 
where 



(1.33) 



(1.34) 



Here H is given by (1.16) and a choice of log(a; — a) is fixed for x e Ei^j to make 
H well defined. The Stokes' multiplier ^^.^ is independent of x and A°. Let 

denote the connection form for and let pr denote the natural projection 



D X 7^(C) ^ D. 



Define 



with d — dx + dx, so that V° defines a connection on the trivial bundle, 

D X 7^(C) xQP ^Dx n{c). 
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The following proposition demonstrates the existence of local "Birkhoff defor- 
mations" of the connection V in the space D x TZ{C). 

Proposition 1.35. For a sufRciently small neighborhood U of A° there exists a 
simple integrable type r connection dehned on the trivial bundle 

DxUxCP^DxU 

so that 

(i) V[/ is formally reducible to the diagonal form (1.28), 

V[7 = a ■ [Va] 

where 

a ^ I + Pi{X){x - a) + P2{X){x -af + ■■■ 

is a formal power series with holomorphic matrix valued coefficients Pk{X)- The 
sectors x C/ are good stable sectors for Vu; there exist holomorphic maps 

with asymptotics given by a so that on open sets asymptotic to x U, 

V[7 = afc-[VA]. (1.39) 

(a) Vf/ is a "Birkhoff deformation" of V*^ in that the restriction ofVu to D\{a} x 
{A°} is equivalent to and 

ak+i{x, A) = ak{x, X)Sk,k+i{x, A) (1.40) 

on Ek,s n X U (see 1.34) 

(Hi) On the punctured neighborhood D\{a} x U, the connections Vu and V° are 
gauge equivalent 

V[/ = $ ■ [V°] (1.41) 

by a gauge transformation x — > $(x, A) which is holomorphic in the exterior of the 
disk D and asymptotic to I as x ^ oo. 

(iv) If V° extends to a connection on the trivial bundle x — > with a 
regular singular point at infinity, then 

dxReSa^^aTr {a-^da,adxH(X)} = 0. (1.42) 
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Proof. To construct Vjy through equation (1.39) it wiU suffice to construct func- 
tions Q!fe satisfying (1.40) with ak{x, X^) — a^{x). Our strategy wiU be to look for 
solutions 

ak{x,X) = (pk{x,X)al{x) 

with ipk '■ Sfc,<5 X [/ — > GL(j), C) a holomorphic map with appropriate asymptotics. 
Condition (1.40) for {ctfe} translates into 

(Pk+i{x, A) = (pk{x, X){I + Ask,k+i{x, A)), (1.43) 

for {x, A) in T,k,s n T,k+i,5 x U, where 

I + ^Sk,k+i{x, A) = al{x)Sk,k+i{x, X)Sk,k+i{x, A°)~^Q!^(a;)~^ 

The important property of Ask,k+i ^or us is that for any fixed 5 > one can make 
^Sk,k+i as close to zero as one likes by choosing A e C/, with U a sufficiently small 
neighborhood of A°. 

The condition (1.40) (or its translation (1.43)) docs not determine ctfc uniquely. 
We will impose a further condition on which will uniquely determine it. The 
extra condition is that the "fundamental solutions" ^'(a;, A) and "^^{x) associated to 
{ctfc} and {a^} by (1.8) differ on the circle of radius 5 by a map which is holomorphic 
in the exterior of the circle of radius S about x = a and asymptotic to the identity 
at cxo. More precisely ^{x, X)^^{x)~^ should be holomorphic in x outside the circle 
of radius S and 

^'(a;, A)^'°(x)-^ = / + 0{x-^). 

Note that $(a:,A) = \l/(a:, A)\l/°(a:)~^ will be the gauge transformation in (iii) of 
Proposition 1.35. We will now translate the conditions we've outlined into an inte- 
gral equation for the functions ipk- It will be useful to begin by describing the pieces 
that make up the integration contours we will use. Let (Tk,k+i denote an oriented 
ray segment that lies in the intersection 5 nE/c_|_i 5, joins the point a to the circle 
of radius S about a, and separates the Stokes' lines in the sector 5 from the 
Stokes' lines in the sector J^k+i,s for all A G L'^ (Stokes' lines are associated with the 
function Ar(A)). It is always possible to do this if S is small enough and U is chosen 
to be a suflBciently small neighborhood of A°. Let 7^ denote the counterclockwise 
oriented segment of the circle of radius 5 about a which joins the end point of (Jk-i.k 
to the end point of ak,k+i- Finally let cr^ denote the open wedge that is bounded 
by ak-i,k, Iki and (Tk,k+i- Then clearly ak C T,k,6 and the oriented boundary of ak 
is given by 

dak = (^k-i,k + lk — (^k,k+l- 
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If we now compare \E' and "i!^ defined by (1.8) on the circle of radius 6 about a we 
find 

^{x,X)^\x)-^ = cpk{x,X){I + Amk{x,X)) for x e (1-44) 
where k = 1, 2, . . . , 2r with 

/ + Arukix, A) := aUx)e^^'''^^~^^'''^°^a1{x)~^. (1.45) 

We've written (1.45) in the special form / + Aruk to emphasize the fact that for 
fixed d the right hand side of (1.45) can be made as close to the identity as one 
pleases by choosing A G t/, with U a sufficiently small neighborhood of A'^. Next 
we will obtain a system of integral equations for ip^ following Flaschka and Newell 
[8] . Suppose that y E ai, then by Cauchy's theorem 



tpi{x, A) dx 

f ipi{x,X) dx ^ f (pi{x,X) dx f (pi{x,X) dx 
7(70,1 x-y 2TTi J^^ x-y 27ri J^^^ x-y 27rz 



(1.46) 



On (71^2 we can use (1.43) to write 



(pi {x,X) = (pi {x,X)- (p2 {x,X) + (p2 {x, A) 
= -<^iAsi,2(^c, A) + <^2(a^, A), 



(1.47) 



where for brevity we've written ipiAsi^2{x, X) for ipi{x, X)Asi^2{x, X) (we will use 
this notation without further comment in what follows). Substituting this expres- 
sion in the ui 2 integral in (1.46) one finds 



<fi{y, A) 



ip2[x, X) dx 

Since (fi2{x, A) is holomorphic in a"2 and y G (Ji which is outside of a"2 it follows that 

_ r ip2{x,X) dx _ r (p2{x,X) dx _ r (p2{x,X) dx 
]<r^,2 x-y 2TTi J^^ x-y 2^ J^^.s x - y 2tti 

We substitute (1.49) for the last integral to appear in (1.48). In the expression that 
results we observe that the integral, 

(p2{x,X) dx _ f ip2As2,3{x, X) dx ^ f ips{x,X) dx 



^2,3 27rz i^2,3 27rz J^^^ x-y 2m 
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and one may continue this last integral to 73 and 173,4 by Cauchy's theorem as above. 
Proceeding all the way around the circle in this fashion one finds 



hV-ru 27ri 4,,^, x-y 2ni j ^ ' 

Now we formulate the condition that the right hand side of (1.44) should be holo- 
morphic in the exterior of the circle of radius S about a and asymptotic to the 
identity at 00. This can be expressed as 

Adding this result to the preceeding equation one finds 

ifi{y,X) + Kiif{y,X) = I (1.52) 

where 

and If ~ {(fi, </72, • • • , <^2r)- We "derived" (1.52) with y chosen to be in the interior 
of (Ji- However, we now choose to think of (1.52) as an integral equation for the 
restriction of ipi to dai. In this case the integral operator Ki defined in (1.52) is 
understood to involve non tangential limits for y on dai from the interior of ui. 
There is was nothing special about in the arguments above and so we find that 
the vector (f satisfies the system of integral equations 

^u{yA) + Kkip{y,X)^I (1.54) 

where the integral operators Kk are defined by the same formula as Ki but the 
y variable which occurs in (1.53) takes values in duk (with the integral operator 
defined by non-tangential limits from the interior). It is well known that non- 
tangential limits for the Cauchy kernel {x — y)~^ determine a bounded operator on 
L'^{dak) in case both x and y are in dak- It is not hard to see from this that the 
integral operator 

K^p = {Ki(fi, K2(fi, K2r^) 

is a bounded operator on 

n = L'^idai) ® L'^ida2) ® • • • ® L'^{da2r). 
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Furthermore it is clear that because Amfc(x,A) and Ask,k+i{x, X) can be made 
uniformly small by choosing A close enough to A°, the system of integral equations 
(1.54) has a unique solution in Ti. provided the neighborhood U is small enough. 

Next we wish to show that the solution of (1.54) satisfies (1.43). Suppose then 
that <y? is a solution to (1.54) in 7i. One calculates that for y e ajj+i, 

Vj+i{y, A) - (pj{y, A) = Kj(p{y, A) - Kj+np{y, A) 

f (fjAsj^j^iix, X) LpjA.Sj^j+i{:t:,X)\ dx (1.55) 



x-y{aj) x-y{aj+i) J 27rz 



where we've written y{ak) for the boundary value on (Jjj^i taken from the interior 
of (Tfc for k = j and k = j + 1. Since 



i- \ = S{x - y) ioT y e (7jj+i 



27rz [x~~y{aj) x — y( 
it follows from (1.55) that 

fj+iiy, A) - V^jiy, A) = (fij{y, X)Asjj+i{y, A) for y e ajj+i. (1.56) 

This is a "boundary value" version of (1.43), which we will now extend to a sectorial 
neighborhood of ajj-^-i. As a simple consequence of satisfying the integral equation 
(1.54) we know that ipj{y, A) for y G CTjj+i is the boundary value of a holomorphic 
function ipj{y, X) for y G aj. Also ipj+i{y, X) for y G o'jj+i is the boundary value 
of a holomorphic function (fij+i{y, A) for y G CTj+i- Solving (1.56) for (fij+i{y, A) we 
see this function has an analytic continuation into a sector containing ajj+i, since 
equation (1.43) shows that the function / + Asjjj^i{y, A) (and its inverse) has an 
analytic continuation into such a sector. One can use Morera's theorem to show 
that the function obtained by gluing together boundary values along crjj+i is 
actually holomorphic in a neighborhood of ajj+i. The same argument works for 
(fj{y. A) and equation (1.56) extends to a sectorial neighborhood of (Tj This is 
(1.43). 

The iterative solution to (1.54) produces an analytic function of A with values 
in v.. The asymptotics for (pj are obtained by substituting 



x — y X''-~:\x/ x — y 

^ n=o ^ 



into the integral equation (1.54) and noting that the functions 

(fij {x, X)x~''Asjj+i{x, A) 
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are integrable in x on (Jjj+i for all integers k > with integrals that are analytic 
in A. 

This finishes the proof of (i), (ii). To establish (iii) note that we've shown that 
each solution (pk to (1.54) extends to a holomorphic function in a sector containing 
CT/c, with controlled asymptotic behavior This is all that is needed to 

establish the analogue of (1.50) for (pk- Subtracting this from (1.54) one obtains the 
analogue of (1.51) for (pk- As noted above this is an expression of the holomorphic 
character of the gauge transformation $(a;, A) := '^{x, X)'^^{x)~^ in the exterior of 
D and this finishes the proof of (iii). 

To establish (iv) (which will play an important role in a tau function calculation 
in section 3) write 

n = n^ + fix, 

for the one form associated with Vjj- Here Qx is the dx term in the one form and 
Qx is a sum 

Qx = ^ Qx,kdXk- 

k 

The dX component of the formal equivalence Vu = S • [Va] is 

—daa~^ — adHoT^ = Q,x-i 

or 

da = —adH — flxct- (1-57) 
For simplicity we write d = dx and calculate, 

ciReSa;=aTr (^a'^dxcidH^ 

= ReSa;=aTi' {—cx~^ daa~^ dxcidH — dxdadH^ 
= Res,;=aTr {dx{dH)dH + a'^dx^xadH) , 

where to get from the second to the the third line we substituted (1.57) for da did 
an obvious cancellation in the result and made use of the fact that dHdH = since 
dH is diagonal. But 

ReSx=aTr {dx{dH)dH) = 0, 
since the Laurent series for dx{dH)dH begins with terms C{x — a)~^ and so we find 

(iResa;=aTr {a'^dxadH) = ReSa;=aTr {dAadHa~^) . (1.58) 

A straightforward calculation now shows that 
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= ReSa,=aTr {dx{dH)dH) = 
In (1.59) we replace adHa~^ by —daa~^ — Qx from (1.57), and find 



(1.59) 



ReSa;=aT> {dxinx)nx) + 2ReSx=aT^ {dx{^x)daa 



-1 




(1.60) 



where we made use of tlie fact that dx(daa ^)daa. ^ is "regular" at a; = a and so 
has residue, and that 



Now substitute —daa ^ — for adHa ^ in (1.58) and make use of (1.60) to get. 



Now for the first time we use the fact that V is looked at in a trivialization in 
which it extends to a connection on with an additional regular singularity at oo. 
We see from this and (iii) that. 



is holomorphic in a neighborhood of oo. Since TT{dx{^x)^\) is meromorphic on 
with a single pole at x = a, it follows that the residue at this pole must be 0. 
With (1.61) this finishes the proof of (iv) (incidentally, the argument here follows 
the argument in [12] used to show that the Jimbo, Miwa, Ueno expression for dlogr 
is closed). QED. 

§2 The Vector Bundle Deformation of Malgrange 

Representations of the fundamental group and flat connections. In this 
section we are interested in constructing an integrable deformation of a connection 
on a bundle over P-*^ which is monodromy preserving and which respects the local 
character of the connection near its singular points. 

The principal tool in the construction of this deformation away from the singu- 
lar set is a correspondence between representations of the fundamental group and 
vector bundles with flat connections. More precisely, suppose that X is a connected 
complex manifold with base point . Suppose that i? — > X is a complex vector 
bundle with a flat holomorphic connection V. Suppose that 7 : [0, 1] — > X is a 



ReSa;^acia;Tr {p,xdadL ^) = 0. 




(1.61) 



-1 



(1.60) 



33 



piecewise smooth curve in X and let Vy (7) denote parallel translation with respect 
to V along 7. Then 

is a linear isomorphism between the fibers of E at the endpoints 7(0) and 7(1). 
Now suppose that 7 is a piecewise smooth closed loop based at and let g = [7] 
denote the homotopy class of 7. Then 

p{9)-=rv{l)-\ (2.1) 

defines a representation of tti{X,x'^) on E^o. The right hand side depends only on 
the homotopy class of 7 because the curvature of V is zero. The equivalence class of 
the representation p actually determines the pair {E, V) up to isomorphism. Before 
we turn to the main theorem of this section we digress to sketch a construction 
that takes one from p to {E, V). Let tt : ^.{X) X denote the simply connected 
covering space of X and suppose that (-E, V) is a vector bundle with fiat connection 
over X as above. The pull back bundle 7r*(i?) T^{X) is necessarily trivial since 
the base TZiX) is simply connected. The natural projection n : 7r*(i?) ^ E is 
a local diffeomorphism and since dn~ is an isomorphism of tangent spaces which 
maps the vertical vectors in T~(7r*(£')) bijcctively onto the vertical vectors in Tp{E) 
we may use dir- to lift the horizontal subspace in Tp{E) that comes from V to a 
horizontal subspace in T~(7r* (£■)). We write 7r*(V) for the resulting connection on 
7r*{E), and note that since the pull back connection 7r*(V) is related to V by a local 
diffeomorphism it is also a fiat connection. We may thus produce a trivialization 
for 7r*{E) consisting of fiat sections for 7r*(V). Let denote a base point in TZiX) 
such that 7r(x°) = For u G tt*{E)~o let x V{x,u) e n*{E)~ denote the 
parallel section of 7r*{E) which agrees with u at x^. Writing Eq := tt* (£')-□ (which 
is naturally isomorphic to E^o) we have 

n{X) xEo3 {x, u) V{x, u) e 7T*{E), 

is an isomorphism between the bundle 7r*{E) and the trivial bundle Tl{X) x Eq. If 
we compose this map V with the vector bundle projection 

7f : TT*{E) E, 

one obtains a vector bundle map 

ttV : R{X) xEo^E, (2.2) 
which covers the projection tt : Tl{X) — > X. 
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The representation p from (2.1) determines a left action of 7ri(X, x^) on R{X) x 
Eq given by 

g-{x,u) = {g-x,p{g)u), (2.3) 

where g-x is just the usual action of tti on the simply connected covering space TZi^X). 
We will show that the quotient bundle 7ri(X, x^)\n{X) x Eq ^ 7ri{X, a;°)\7^(X) is 
isomorphic to i? ^ X as a vector bundle with connection. 

We begin by showing that the map nV is equivariant for this action of tti (X, x^) . 
To see this suppose that x = [x] where x is a smooth curve joining x^ to x in X. 
Let x^ denote the class of the constant path starting and ending at x^. Write x for 
the lift of X into TZiX) with initial point x^. Let g = [7] where 7 is a smooth closed 
path in X based at x^. Then one finds 

nV{g ■x,p{g)u) =7fP^*(v)(7X)p(^)w 

=Vv{x)Vv{l)p{9)u 
='Pvix)u = ttV{x, m), 

which shows the equivariance of the map nV. In the third and last equality we used 
the fact that 7fP^*(v)(7)'^ = 'Pvil)'^^ where 7 is a lift of 7 and u G -£'7(0) • This 
is obvious if the curve 7 stays in a neighborhood U in X which is evenly covered 
by the projection on X from Tl{X); the general result follows from the fact that 
parallel translation is an anti-homomorphism under homotopy composition. 

Since the vector bundle action (2.3) covers the standard left action of 7ri(X, x^) 
on TZ{X) and since 7Ti{X,x^)\]Z{X) ~ X one finds that 

7ri(X, x%n{X) X Eo := 7^(X) x^ Eq, 

is a vector bundle over X isomorphic to E through the map induced by (2.2). Since 
the construction of the bundle 

n{X) XpEo^X (2.4) 

depends only on the representation p it follows that this representation determines 
the bundle E ^ X up to isomorphism. In fact the bundle (2.4) has a naturally 
defined flat connection Vp so that the map induced by (2.2) determines an isomor- 
phism, 

{n{X)XpEo,Vp)-{E,V). (2.5) 
In order to define Vp we introduce a family of trivializations for the vector bundle, 

7rp:n{X)XpEo^X. (2.6) 
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Let T denote a covering of X by open sets, with the foUowing properties, 

(1) \iXJ ^ T then XJ is evenly covered by tt : 7^(X) X. That is there exist disjoint 
sets Ua C X such that 7r~^{U) = DaUa and tt : — > ?7 is a difFeomorphism for 
each a. 

(2) lfU,V e and U nV (/) then U UV is evenly covered by tt. 

The existence of such a covering is an easy consequence of the fact that X has a 
metric topology. Now suppose that U E T and Ua C TZiX) is such that tt : Ua ^ U 
is a difFeomorphism. We define a trivialization, (f){Ua) of tt~^{U) by sending each 
equivalence class, 

[{x.u)] := {{y,v) ■.{y,v) = g- {x,u) for g G ni{X,x^)} 

in 7Tp^{U) into the unique representative of the form (x, u) with x & Ua and u e Eq. 
Then 

(f){Uct)[{x,u)] := {n{x),u) = {x,u) E U x Eq. 

Now suppose that U,V E and n : Ua U and -k : ^ V are diffeomorphisms 
(note that t/ = F is a possibility) . Then if [/ fl F 7^ it follows that there exists a 
unique Qap G 7ri(X, x^) so that Uaf^ga/sVp 7^ 0. The existence of such a gafs is trivial 
and uniqueness is equivalent to the assertion that if ?7q; fl 7^ (/> and Ua n gVp ^ </> 
for some g e 7ri(X, x^) then ^ = 1. Suppose then that C/aHVa 7^ ^ and Ua^igYfj ^ (j). 
Then since U \JV is evenly covered we have {Ua U Vp) fl 5f(C/a U T/g) = if 7^ 1. 
But evidently, 

Ua n c u Vp) n (7(t^a u Vp) = 

so C/q: n ^fVg = if 7^ 1. Uniqueness follows. One may now easily compute 

ci>{Ua)<i>{Vp)-\x,u) = {x,p{gap)u). (2.7) 

Since these transition functions are constant in the base variables there is a globally 
defined fiat connection Vp on ^^{X) XpEo which is obtained by gluing together the 
exterior derivative in the base variables defined in each of the trivializations (j){Ua)- 
In these trivializations it is not hard to check the isomorphism of connections (2.5). 

To finish this account of the reconstruction of a bundle with a fiat connection 
and prescribed holonomy it is still necessary to check that {TZ{X) Xp i?o, V^) has 
holonomy at x^ given by p. Suppose that 7 is a piecewise smooth loop in X based 
at x^ with ^ = [7] e 7ri{X,x^). Let ^~^{J^) be the open covering of the interval 
[0,1] by the inverse image of sets from under 7. Let 5 > be a Lebesque number 
for this covering and suppose that = to < ■ ■ ■ < = 1 is a partition of [0,1] 
with — tj < d for all j. Then each curve segment {7(t) : t G [tj^tj^i]} lies 
inside some Uj G JF. For each j one can find Uaj C T^iX) so that tt : Ua^ — ^ Uj is a 
diffeomorphism and one can also arrange that Uaj_^.l n Ua^ 7^ for j = 0, . . . n — 1. 
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Then paraUel translation of a vector u in Eq along 7 is constant in the trivializations 
(t>{Ua^ ) for J = 0, . . . , n — 1. To compute the holonomy one must only compute what 
the vector u in the trivialization 0(?7a„_i) looks like in the trivialization (f){Uao)- 
However, it is clear from the construction that gUao nC/a„_i 7^ 4>- Thus the parallel 
transport of u E Eq along 7 gives p{g)~^u G Eq. This finishes our sketch of the 
reconstruction of a vector bundle with fiat connection (up to equivalence) from its 
holonomy representation. We now begin to explain the setting for Theorem 2.9 
below. 

The vector bundle deformation. Suppose that {ai, . . . , a^} is a collection 
of n distinct points in C. In this section we will construct a global deformation for 
a connection V defined on the trivial bundle E^ := x C^, with a simple type 
Tj singularity at a° and a regular point or simple type Too singularity at 00. For 

simplicity in stating results, when has a regular point at 00 we put Too = — 1 
and say that V has a simple type -1 singularity. 

Roughly speaking the deformation we consider will preserve the local type 

of the singularities for V and also the local and global monodromy data for the 
connection V . We now make this more precise. 

By relabling the points if necessary we may suppose that rj > 1 for j = 
1,2, ... ,m and rj — for j — m + l,m + 2, . . . ,n. It could happen that m = or 
m = n. The point 00 is somewhat special in this context since it does not contribute 
to the space of pole deformations, TZ{Z'^), which we defined in section 1. We will 
mention special considerations concerning 00 when we encounter them. 

For J = 1, . . . , m let 

Cj:=ZP xQP CP with Tj - 1 factors , 

denote the local configuration space at a^, as described in section 1. Recall that each 
point in Cj corresponds to a formal equivalence class for a simple type Vj connection 
at a°. Write Coo for the corresponding configuration space at 00, defined if Too > 1- 

Write A° e Cj for the data associated to at a°, for j = 1, . . . m. Recall that 
7?.(X) is just the simply connected cover of X, and define 

m 

V := 7^(z") X W n{Cj) X 7^(Coo), (2.8) 

i=i 

where the product is just the Cartesian product, and the final factor TZ{Coo) only 
appears if Too > 1- 

The space V will serve as our "deformation space". In the first factor, Z^, is 
the space of pole locations and in each of the subsequent factors, Cj, is the space 
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of local formal equivalence classes at aj. We must pass to the simply connected 
cover in T> to guarentee global existence for the sort of deformation we are about 
to describe. 

Let Aij Cj denote the fiber bundle over Cj whose fiber over A G Cj is the 
holomorphic equivalence class of connections formally equivalent to the diagonal 
model (1-12) associated to the base point A (defined in section 1). As in section 1 we 
also write A4j — > T^{Cj) for the pull back of A4j under the projection 71(0 j) Cj. 

Let cr° e M.j denote the point in the fiber associated to the class of V in a 
neighborhood oi x = a'j (cr^ is also defined if Too > !)• Let A — > crj{X) denote the 
unique flat section of A4j — > TZ{Cj) with cr-, (A°) = (7° (croo(A) is defined in a similar 
fashion if r^o > 1) 

Recall that is the subset of points {x, e x TZ{Z'^) with x — ak{t), and 
for j = 1,2, . . . ,n define 

yk = Ykxl[ n{Cj) X 7^(Coo) c X p, 

where the factor IZiCoo) is present only if Too > 1- Let G 1Z{Z^) denote a point 
in the covering space of such that aj{t^) = a°, let A° e Tl{Cj) denote a point 
in the covering space of Cj such that A° = Aj(A°) (where Aj is the projection from 
Tl{Cj) to Cj) and write 

3x^ i{x) := [x, t^, A°) e P^ X P, 

where 

\0 _ /\0 \0 \0 \ 

A — [Ai, . . . , A^, A^), 

and as above X'^ only occurs when Too > 1- 

The following theorem is due to Malgrange ([18] theorem 3.1), 

Theorem 2.9 There exists a rank p holomorphic vector bundle E ^ x V and 
an integrable connection V on E with a simple type Tj singularity along yj for 
j = 1, . . . ,n and a simple type Too singularity along y^o such that the restriction of 
{E,V) to Pi X {(t°, A")} is equivalent to {E^,V^) (that is, i*{E,V) ~ {E^,V^)). 
Furthermore for j = 1, . . .m the restriction of {E, V) to P^ x {{t. A)} is formally 
equivalent to the model connection Vaj(Aj) (l-^^) near x = aj{t) and is in the 
holomorphic equivalence class (7j{Xj) G M.j. 

Proof. We will prove this result as Malgrange does by first constructing the defor- 
mation in the complement of 

J^ = u^^i3^,u3^ooCP^xP, 
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and then extending the connection V to a tubular neighborhood T{yj) {T{y oo)) 
of each singular set yj (3^oo) so that it has the right local characteristics. In par- 
ticular one finds that the two constructions must be holomorphically equivalent 
on T{yk)\yk and this equivalence allows one to define a bundle over all x T> 
together with a connection that has the right global and local properties. 

An important result for the construction of the deformation on x V\y is the 
following observation of Malgrange. Choose some point E C so that ^ 
for aU j = 1, . . . , n. Define p° = (a;°, t°, A°). Then the map 

P^\{a?, a^, . . . , a^, 00} 9 x ^ {x, A°) e x V\y, (2.10) 

induces an isomorphism of fundamental groups 

TTi (P^{a?, al..., al 00}, x') (P^ x V\y,p') . (2.11) 

This is explained in both [17] and [11] where the deformation space does not include 
the factors TZ{Cj). However, the product of these factors is simply connected so it 

does not infiuence the result. The holonomy of the connection V at the base point 
x^ determines a representation, p, of tti (P^\{a5, (I2, ■ ■ ■ , a^, 00}, x'^) on GL(p, C). 
The isomorphism (2.11) and the representation p determines a GL{p, C) represen- 
tation of 7ri(P^ X V\y,p^) which we continue to denote by p. Associated with this 
representation is a vector bundle Ep := (P^ x 'D\y) Xp with connection Vp 
whose holonomy representation is given by p. 

Next we turn to the construction of the local deformations. Suppose that 
a = (tti, a2, . . . , ttji) G Z"^ and let 6{a) denote the minimum of the distances, {\ai — 
'^jlA'^i ~ '^j IliT^i (th^ reason for insisting that 5(a) < min{|a° — a^\}i^j will appear 
below). Let Dj{a) denote the disk of radius 5(a)/3 about the point aj. Let -D 00(a) 
denote the open complement of the closed disk of radius 5{a) -\- maxi{|ai|, It 
is clear by construction that the disks {Dc,o{a), Dj{a), j = l,...,n} are pairwise 
disjoint for each a e Z"^. Define a tubular neighborhood, T{yj), of yj by 

T(yj) = {{x,t,X) e pi x V\x e Dj(a(t))}, 

and a tubular neighborhood of 3^oo by 

T(3^oo) := {{x, t, A) e pi X V\x e D^{a{t))}. 

Then the neighborhoods {T(3^oo), ^(3^j), J = l,...n} are pairwise disjoint. Fol- 
lowing the scheme that can be found in Malgrange [17] we define a connection on 
the trivial bundle T{yj) x — > T(y,) by lifting the connection on the trivial 
bundle over Dj{aP) x Tl{Cj) that one obtains from theorem 1.26 above. Recall 
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that A — > orj(A) is the unique flat section of A4j — > 'R-{Cj) with a"j(A^) = a^. For 
J = 1, . . . , m let Vj denote the integrable connection on the trivial bundle 

Dj{aP) X n{Cj) X CP ^ Dj{a?) x 7^(CJ■) 

with a simple type rj singularity along {a^} x TZ{Cj), whose existence is guarenteed 
by theorem 1.26. This connection naturally extends to a connection on the trivial 
bundle 

L>j(a°) X 7^(C) X CP ^ L»j (a°) x 7^(C), 
by pulling back the connection one form under the natural projection 

Dj{ao) X 7^(C) ^ i:'j(ao) x n{Cj), 

where we've written 

m 

7^(C) := J]7e(c,) x7^(Coo)• 

We continue to denote this connection by V-,-. Now define a map 

prj:T{yj)^Dj{a')xn{Cl (2.12) 

hy prj{x,t, \) — {x — aj{t) + a^, X) (the extra condition that 5(a) < min{|a^ — a^|}j^j 
now guarentees that x — aj{t) + a j G Dj{oP) for x e Dj{aP). Let flj{x, Xj) denote 
the one form for (and we've written Qj{x, Xj) to emphasize the fact that Qj only 
depends on the variables {x,Xj)), 

Wj = d + nj{x,Xj), (2.13) 

and define a connection (which we again call V^!) on the trivial bundle Ej := 

ny^) X CP ^ ny^) by 

Vj:=d + pr*j{^j), (2.14) 

where d denotes the exterior derivative on T(3/,) (acting on C^ valued functions). 
It is easy to check that connection (2.14) is integrable and has a simple type Vj 
singularity along as a consequence of (2.13) being integrable with a simple type 
Tj singularity along {a^} x TZ{C). Now we wish to determine the holonomy for Vj 
on T{yj)\yj. The map 

^iyj)\yj 3 t,X)^te 7^(Z"), (2.15) 
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is surjective with fiber over t given by Dj{a{t))\{a{t)} x 71{C) (which is homeomor- 
phic to Dj{a'^)\{a'j} x Tl{C)). The first part of the homotopy exact sequence for 
this fiber bundle reads 

^ n^iniZ-)) - ^i{T{y^)\y^) m{D,{a')\{a'^^}) 7^l(7^(Z-)) 0. 

where we substituted tti {Dj{a^)\{a^j}) for 7Ti{Dj{a^)\{a^j} x 7^(C)). Thus we have 

Mnyj)\yj) ^ 7ri(i;,(a°)\{a°)). (2.16) 

Let 

{nyj)\yj)t=to = {{x,t',x) e nyj)\Yj} i^,(a«)\{a«} x n{c) 

Then the restriction of pvj , 

Prj ■■ myj)\yj),^,o - i^,(a°)\{a;} x 7^(C), (2.17) 

is essentially the identity. Since (2.16) shows that representatives of all the ho- 
motopy classes of curves in T{yj)\yj can be found among the loops that stay in 
the section (T(3^j)\3^j)^^^o it follows that the holonomy of the connection Vj can 
be computed from its restriction to {T{yj)\yj)f^^o- But the identification (2.16) 
shows that this holonomy is the same as the holonomy of the connection coming 
from theorem (1.26) on the the space Dj{a^)\{a'^j} x 7^(C). Since 7^l(7^(C)) = we 
may compute this holonomy by restricting to A = A° where the connection agrees 
with V by construction. 

We also need to construct a model connection in the tubular neighborhoods 
'^{yj)\yj for J = m + 1, . . . , n and T(3^oo)\3^oo. In the first instance, we are look- 
ing for a connection on T{yj) with a simple type singularity along 3^j, which is 

equivalent to V*^ in a neighborhood of a^. Since V*^ is a simple type connection, 
Proposition 1.25b shows that in a neighborhood of a; = there exists a diago- 
nal matrix so that in the appropriate local trivialization about a; = a°, V° is 
represented by 

l~ J 

on the trivial bundle 

L>j(a°) x CP^Dj(a°), (2.18) 

where 

1 — n • 
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Define a connection Vj on the trivial bundle over T{yj)\yj by 

_^ Ajd{x-aj{t)) 
x-aj{t) 

where d = + dt + dx is the exterior derivative on T{yj). It is easy to check 
that Vj is a simple integrable connection with type singularity along yj which 

has a restriction to Dj{a^) x {(t°,A°)} that is equivalent to V by construction. 
The same argument given above for j = 1, . . . , m applies here and one sees that the 
connection defined on the trivial bundle, 

T{y,)xC^^T{y,), 

has holonomy determined by its restriction to t = t° and A = A°, where it is 
essentially V . To extend the connection to T{yoo)\yoo so that it is regular along 
3^oo, or has a logarithmic pole along 3^oo, or a higher rank simple singularity one 
proceeds as above with some simplification arising from the fact that oo adds no 
component to the space of pole deformations. One should use the local parameter 
w = - with 

X 

proo{w,t,X) = {w,X). 

We leave the details to the reader. 

What we have now is a bundle Ep over P-^ x T>\y, bundles Ej over T(y, ), and 
£^oo over T{yoo) with bundle isomorphisms, 

bj ■■ Ep\r{yj)\yj ^ Ej\r(yj)\yj, (2.19) 

and 

^'oo : Ep\r{y^)\y^ ^ -^oo|r(3;oc)\:^oc' (2-20) 

which take the connection Vp into Vj and Voo- We define a vector bundle E over 
X I? by forming the union Ep U Ei U ■ ■ ■ U En U E^o modulo the equivalence 
relations determined by (2.19) and (2.20). By construction the bundle E and the 
connection V obtained by gluing together the connections Vp, Vj, and Voo have 
the properties asserted in the formulation of Theorem 2.9. This finishes the proof. 
QED 

§3. Tau functions 

In this section we will first follow Helmink [11] to define a tau function associ- 
ated with the deformation construction of Theorem 2.0 above. Let {E, V) be 
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the integrable deformation of {E^, V°) constructed in Theorem 2.9. RecaU that 
V = n{Z'') X 7^(C) and define 

G := {(t, A) e "D, £;|pix{(t,A)}is non-trivial} 



Theorem 3.0. There exists a non vanishing holomorphic map t : T> ^ C so that 
is equal to the zero set of r. 

This is basically a result of Malgrange [18] and Helmink [11] which we will sketch a 
proof of following the arguments for Proposition 3.2 in [11]. 

Sketch of Proof (more details can be found in [11]). Choose < pi < 1 < p2 and 
set 

Di := {x\x G P"*^, > pi}, D2 := {x\x G P"*^, < p2}- 

Then Dk x V for A; = 1,2 is a contractible Stein space, and hence -E'Idj.xD is 
holomorphically trivial for k = 1,2. Let f := (/i, /2, • • • , /p) be a row vector of 
sections for the restriction of E to Di x V which trivializes this restriction. Let 
g := {gi, g2,..., Qp) be a row vector of sections for the restriction of to D2 x "D 
which trivializes this restriction. Then there exists a holomorphic map S : Di n 
D2xV^ GL{p, C) so that 

g = f5 

onDir]D2xV. Write 5'(x,t, A) = St,\ix). Then the restriction of to P^ x {(t. A)} 
will be trivial if and only if there are holomorphic maps S^^ : Di — > GL(p, C) and 
5+^ : D2 GL{p, C) so that for aU x G £>! n L»2, 

St,x{^) = S-,{x)S+,{xr\ (3.1) 

A p vector of sections that trivializes E is then given by the appropriate extension 
of 

from Di n D2. Let denote the unit disk, write H := L'^{S^,Cp) and let n+ 
be the closed subspace of 7i consisting of those functions with are boundary values 
functions holomorphic inside the unit disk. Let H- = Ti.\. Suppose that 3 x ^ 
S{x) is a smooth p x p matrix valued function on the circle and let H 3 f ^ Sf 
denote the associated multiplication operator on H. Let 

a{S) b{S) 
c{S) d{S) 
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denote the decomposition of S relative to the direct sum decomposition H = H+ © 
H-. It is well known [1] that the factorization (3.1) exists if and only if a{St,\) : 
is invertible. Since {t, A) a(St^x) is continuous in the uniform norm 
topology for a{St,\) and a{S) is known to be Fredholm if S is smooth, it follows 
that the index of a{St,\) is independent of (t, A). Since a{Sto^xo) is invertible by 
construction it follows that the index of a{St,x) is for all {t, A) G V. Fix (t, A) 
for the moment. Then since a{St,x) has index 0, there exists a finite rank operator 
k : — > 7i-(- so that k + a{St,x) is invertible. In fact there exists a neighborhood 
Vt^x of (t, A) so that for all (s, n) G Vt^x the operator g^^^ := k + a{Ss,iu,) is invertible. 
Note that qs,^ is a parametrix for a{Ss,ij,) for (s, /i) G Vt^x in that 

where Fg^^ is a finite rank operator that depends holomorphically on (s, fi). Now we 
show that it is possible to make a coherent choice of parametrices Qs,^ following the 
argument in Helmink [11]. Let {Vi} be a locally finite covering of V with qi{s,ii) 
a holomorphic parametrix for a{Ss^^) for all (s, /u) G V^. For each i,j such that 
VidVj ^ (j) define QigJ^ = (/"y • Note that each (pij is a finite rank perturbation of 
the identity. The maps Vi (iVj 3 (s, fi) det (j)ij{s, fi) are the transition functions 
for a holomorphic line bundle on V. Since I) is a Stein space we have H^{V, O*) = 0, 
and it follows that this line bundle must be trivial. Hence there exist holomorphic 
maps Ti : Vi ^ C* so that T~^Tj = det (j)ij. Now define ti : 7i+ — > H+ by t^l = Tj 

and ij(e*"'^) = e*"^ for n = 1, 2, Now define = tiQi. Then qj(s,//) remains a 

holomorphic parametrix for a{Ss,iu,) for (s,//) G and since 

det qiq~^ = dettit"^ det qiq~^ = '^^V^ '^^^ ~ 

it follows that 

t(s,//) := det(a(5's,;^)qi(s,//)~^) 

is a well defined holomorphic function on all of T> whose set is equal to 0. QED 
Next will make a connection with the tau function defined by Jimbo, Miwa and 
Ueno [12]. We follow Malgrange by computing the regularized logarithmic deriva- 
tive of the determinant of a Toeplitz operator, the invertibility of which determines 
if -E|pix{(t,A)} is trivial or not. The bundle E is first realized in terms of a system 
of transition functions which relate local models for the connection V in a neigh- 
borhood of the singularities to a model for the connection V in a complement of 
a neighborhood of the singularities. We will spend some effort to choose the local 
models carefully (so that (3.7) below is satisfied) even though this is not important 
for the calculation of the regularized logarithmic derivative of the Toeplitz operator. 
We do it because it will simplify a curvature calculation later on. 
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First fix a point A°) G V. We will exam the restriction of to x W 
where W is a suitably small neighborhood of (t°,A°). We will cover P-^ x by- 
neighborhoods Bj X W which contain the singular sets x = aj (t) (including x = oo 
for j = oo) and a complementary set Bex x W. We will choose trivializations for 
E over each of these sets and understand the bundle E in terms of the transition 
maps between these trivializations. 

Now we turn to the identification of a suitable local model for the connection 
V in a neighborhood of each singularity. 

For each j = 1, . . . , m choose a connected, simply connected product neighbor- 
hood Wj = Uj X Vj of (tj, A^), with compact closure. For j = m + 1, . . . , n (j = oo) 
choose a connected, simply connected neighborhood of (A^) with compact clo- 
sure. Let 

n 

W=l[WjXW^. 

Let Dj[aP) denote the disk of radius 6{a^)/2) defined in section 2. Choose a 
trivialization, g^, for the restriction E\j:,.(^aO)xW ^ind suppose that relative to this 
trivialization the connection V is given by 

d + Vtj. 

Let Q!j denote the restriction of Q,j to {tj,Xj) = (t°,A°). As in the developments 
preceeding Theorem 1.35 it is possible to adjust the trivialization g-' by a gauge 
transformation in the x variables alone so that dx + fij extends to a connection 
on the trivial bundle P^ x ^ P^ with a simple type r singularity at and a 
regular singularity at oo. In what follows we suppose that this has been done. For 
j = 1, . . . , m choose Vj small enough so that the Birkhoff deformation of dx + 0,^ 
constructed in Proposition 1.35 exists on Dj {aP)xVj . Thus there exists an integrable 
connection 

dx + dx, + n'f", (3.2) 

which is a Birkhoff deformation of dx + Jlj in the sense of Proposition 1.35 (i) and 
(ii) and such that on Dj{aP)\{a'j} x Vj one has the gauge equivalence 

dx + dx, + n'f" = ifij ■ [dx + dx, + n?] (3.3) 

where x — > (fij{x, Xj) is holomorphic in the punctured disk Z)j(a°)\{a°} and asymp- 
totic to the identity as x — > oo. Now choose the neighborhood Uj of {t^} small 
enough so that the map, pj defined by 

Dj{a°) X Uj xVj3 {x, t, A) pj{x, t, A) := {x - aj{t) + a°. A) 
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maps into Dj{a^) x Vj. Let dj — dx + dt^ + dx, where dx is the exterior derivative 
on Y[k=i ^(^fc) ^ ^(^oo) and define the connection 

dj+ppf'^, (3.4) 

on the trivial bundle over 

Xr.= Djia')xW. 

It is a consequence of Proposition 1.26c above that the connection (3.4) on the trivial 
bundle over Xj is equivalent to V on E\xj (they have the same formal reduction and 
Stokes' multipliers). Possibly shrinking the open neighborhood Uj we can insure 
that there is an annular region 

= {^\Pj <\x - a°| < p'j} C Dj{a^) 

with the property that x — aj{t) ^ for (x, t) e Aj x Uj. The integrable connection 
(3.4) and the integrable connection 

dj + n^f" 

have the same holonomy on Aj x Wj . They are thus related by a holomorphic gauge 
transformation, i/jj, defined on Aj x Wj so that 

dj + p*0^°" = ■ [dj + 0^°=] , (3.5) 

which can be normalized so that -0^(2;, t^, A^) = / for x G Aj. By choosing Wj 
small enough we may insure that i/'j is a sufficiently small perturbation of the 
identity so that it has a "canonical factorization" ifjj — ip'^tpj , where ipj~{x,tj, Xj) 
is holomorphic for |a; — < p'j and i^J {x, tj, Xj) is holomorphic for |a; — a°| > pj, 
with ip^{oo, tj, Xj) = I. Now define the gauge transform of dj +p*ri^°'^ by {'ipj') ^ , 

Vj := (^+) ■ + ] = ■ [dj + Of] . (3.6) 
Combining (3.6) with the extension of (3.3) to 

dj + nf = ■ [dj + 0°] , 

which follows from (3.3) since ipj does not depend on tj, or for k j we also 
have, 

V,- = • [dj + n^j] , (3.7) 
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where 4>j{x, tj , Xj ) is holomorphic for | x — | > pj . The connection V j is equivalent 
to the restriction of V to E\xj and so is a good local model for V. Thus we can 
choose a trivialization P ioT E\x- so that in this trivialization V is represented by 

Now we wish to do something similar for j = m + 1, . . . , n. Wj should be small 
enough so the the map 

Dj{a^) X Wj 3 {x,t) Pj{x,t) := X - aj{t) + a°, 

maps into Dj[aP). Choose a trivialization for -E'|r»j(oO)x VK and write Q.j for the 
connection one form for V in this trivialization. Thus V is represented by 

cZ + ri j , 

in this trivialization. 

Let 0° denote the restriction of to (t, A) = {t^\ A*^). Again using the same 
argument to be found in the preliminaries to Proposition 1.35 we may suppose 
that the trivialization of -E'|Dj(aO)xVK has been chosen so that dx + extends to a 
meromorphic connection on the trivial bundle P-*^ x — > with a simple type 
singularity at a; = a and a regular singularity at a; = oo. 

As above consider the connection 

One can choose Wj small enough so that there exists an annular region Aj = 
{x\pj < \x — a°| < p'j} contained in Dj{a^) with the property that x — aj{t) ^ 
for {x,tj) e Aj X Wj. The connection dj + PjQ'j and dj + then have the same 
holonomy over Aj x W and so there exists a holomorphic gauge transformation ipj 
defined on Aj xW so that 

d,+pp'^=i;,-[d, + n'^]. 

One can normalize ^/Jj so that '4>j{x-, t^, A°) = / and by choosing W sufficiently small 
we can guarentee that ipj has a canonical factorization i'j'i'j' as above. We define 

v.- := (i^t) • + pP'] = ^7 • + ' (3-8) 

where ilj~{x,t,X) is holomorphic for |a; — a°| > pj and asymptotic to the identity 
I as X oo. As above we can find a trivialization P for the restriction of E to 
Dj{aP) X so that V is represented by Vj. 
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The local connection at infinity, Voo, niight be regular, or have a simple type 
Too singularity. It does not matter much for the calculation we are going to do, but 
for definiteness we suppose Too > 1- Then Wqo is a neighborhood of (no pole 

deformation parameters). Proceeding in close analogy with the first case discussed 
above we choose a trivialization g°° for E restricted to Doo{a^) x so that the 
connection V is represented by 

dx + dx + ^l 



We further suppose that the trivialization g°° has been chosen so that the restriction 
of this connection to A = A°, given by + 0,^, extends to a connection on the 
trivial bundle x — > P-*^ with a simple type Too singularity at oo and a regular 
singular point at 0. 
Now let 

+ d^^ + O^^ 

denote the Birkhoff deformation of dx + constructed in Proposition 1.35 (with 
the slight alterations needed to locate the singularity at oo). Let Poo denote the 
projection (x, A) — > (x, Aqo) and define 

Voo:=dx + dx+p*oo^'^'. (3.9) 

Choose Poo and p'^ so that Voo and dx + dx + are holomorphically equivalent 
on the annulus 



Aoo = {x\poo <x < p'^} C £'oo(a°), 
by a gauge transformation (f)oo, 

Voo = • [dx + dx + ^^^] , 

which can be chosen so that (f)oo{x,X) is holomorphic for \x\ < p'^. 
In contrast Theorem 2.9 we do not assume that the restriction 



(3.10) 



E\pix{to,\0} 

is holomorphically trivial. Let Bj{p) = {x : \x — a^\ < p} denote the open ball of 
radius p about a^. Let Bqq^p) — {x : \x\ > p} , and define 



B 



B. 



—B(oo {Poo)j 

=Si(pi) U B2{P2) U • • • U Br^iPn) U B^oip'oo), 

=P'\B, 



(3.11) 
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where X denotes the closure of X. Then 



{-Bi, -B2, . . . , -Boo, -Bex} (3.12) 

is an open covering of P^. 

We now wish to show that there is a holomorphic triviahzation of the bundle E 
over -Bea; X Since we've seen that is the zero set of a nonvanishing holomorphic 
function, r, it follows that there is some (t^,A^) & W so that -E|pix{(ti,Ai)} is 
holomorphically trivial. Since -Bex x W does not intersect any of the singular sets 
(3.2) or {00} X it follows that the integrable connection V on -E is smooth over 
Bex X and since W is connected and simply connected one may integrate V over 
W to extend the triviahzation over B^x x {{t^^X^)} to a holomorphic triviahzation 
of E over B^x x W. We wish to pick a triviahzation so that the connection form for 
V is particularly simple. Suppose that relative to some choice of a triviahzation for 
the restriction of -E to x {(t^, A^)} the connection V is, 

where VLex{x) depends only on x. Write d = dx-\-dt-\-d\\ then since W is connected 
and simply connected it is easy to see that the connection, 

d^Qex{x), (3.13) 

defined on the trivial bundle over B^x x W with fiber has the same holonomy 
representation as V on the restriction of E to BexXW. The holomorphic equivalence 
of these two connections implies that we can choose a triviahzation f^^ for E\b^^xW 
so that relative to this triviahzation the connection V is given by (3.13). Observe 
that this connection form has no dt or dX components. 



For each j = 1, . . . ,n there exists a holomorphic map : Aj xW ^ GL{p, C) 
so that 

and a holomorphic map : Aqo x — > GL{p, C) so that 

where we think of each triviahzation f = (/i, . . . , fp) as a row vector of sections. 
Define 

Bin = Uj-Bj U -Boo, 
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Let S denote the holomorphic map from BinHB^x x W into GL{p, C) which restricts 
to on Aj X W and S°° on A^o x W. Then for (t, A) G W^, ^|pix{(t,A)} will be 
holomorphically trivial if and only if there exists a factorization, 

S{x, t, A) = ^inix, t, X)-^^ex{x, t, A), (3.16) 

where x —>■ ^in{x, t, A) is holomorphic and invertible in Bi^ and x — > ^exi^, t, A) is 
holomorphic and invertible in B^x- Let Cj (Coo) denote a counterclockwise oriented 
circle contained in Aj {Aoo), and define the oriented curve 

= Coo ~ Ci — C2 — • • • — Cfi- 



Choose a point zq E B^x with zq ^ Bi^ and define a projection P^x on ^ {C) by, 



i'ex/(^) = / /(a; 



a; — 2; X — Zq j 27ri 

This projects onto the subspace of L'^{C) which has a holomorphic extension into 
the connected part of B^x bounded by the curve C, with the further property that 
this holomorphic extension vanishes at z = zq. We can make the factorization (3.6) 
unique (when it exists) by normalizing 

^exizo,t, A) = identity = /. 

Rewriting (3.16) we have 

and writing Pin — I — Pex we find 

Pin{^inS)=I. (3.17) 

Regarding this as an equation for the rows of <^ini the solution of this equation is 
equivalent to the existence of the factorization (3.16). Suppose that (3.16) has a 
solution <^ex- Then the Toeplitz operator Ts defined by 

Tsf^P^nUS), 

where / is a row vector, has inverse, 

Ts^g = P^n{9Kx)^^n. 

Following Malgrange we now calculate the regularized trace 

a; := TV {Tg^Tds - T^ss-^) , (3.18) 
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where for brevity we write d = dt,\- 

Note: because the multiphcation operator in our Toephtz operator is acting on the 
right it is Trs — TsTr which is compact when R and S are smooth. 

We will eventually show that (3.18) differs from cZlogr, defined above, by a regular 
term and this will allow us to make a connection with the formula for the tau 
function given by Jimbo, Miwa and Ueno in [12]. 
We compute 



Ts^Tasf = 



Pin {fdS^-^) 



(3.19) 



and 



P,^ (fdSS-^) 

Pin (/ ($,-Jd$e.$eJ*m - ^7nd^^n)) ■ 



(3.20) 



Now let 



denote right multiplication by q, and define 



Q = ^ind^ex^ex " ^ind^in^J. 



Then from (3.9) and (3.10) one sees that 



Tg ^TdS - =R^^^PinRQ - PinR^i^RQ 

= [R^in. 1 Pin] Rq 

= [Pex,R^iJ Rq- 



Thus the trace of interest is 



Tr [Pea;, R^iJ Rq 



(3.21) 



and one computes 



[P,x,R^jRQf{z) 
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Writing dx^ — ^'dx, the integral of the (finite dimensional) trace over the diagonal 
is then 

f dx 

= TV (d$e.*-J*in*»"n " ^^^in^rn *L*»"n ) ^ (3-22) 

= / Tr((i$..$-^$' — 

Jc V ex^ea; ^m^m ) 2^^^ ' 

where the second equality follows from Cauchy's theorem and the fact that 
is holomorphic in Bin. To make a connection between (3.22) and the JMU [12] 
formula for the log derivative of the tau function we replace and <^ex in (3.22) 
with quantities more intimately related to the connection V. First choose j G 
(1, . . . , n, oo}, and let Vj denote the representation for V in the trivialization P . 
Let Vea; denote the representation of V in the trivialization f^^. Then in the 
trivialization = f'^^^ex restriction of £■ to P-^ x (W\e) we find that 

the connection V is given by, 

V = [Vea=] = • [V,-] (3.23) 

on Aj X W\(d (or x W\G for j = oo). 

Now fix J e {1, . . . , m, 00} and let oij be the formal power series near x = aj{t) 
(or 00 if J = 00) for which 

■ [Va,] = V (3.24) 
Let aj{loc) denote the formal power series near x = aj{t) such that 

S,(/oc)- [Va,] =V,- (3.25) 

Equating (3.24) with the first term of (3.23) and recalling that ilea; does not 
have any dt or dX terms, one finds 

d^ex^ex — dajaj^ — ajdHjaJ^ , (3.26) 

which should be understood in the following sense. Replacing oij by a-^j defined 
in a suitable sector S with vertex at a; = aj{t) one finds a sectorial version of 
(3.26). This shows that the function d^ex^ex which is analytic in an annular 
region about x — aj{t) extends holomorphically into the sector E. Since this is 
true for a collection of sectors which cover a punctured neighborhood of x = aj{t) 
it follows that d^^x^ex holomorphic in a punctured neighborhood of a; = aj{t). 



52 



Equation (3.26) may then be understood as an equality of formal Laurent series 
(which in fact converge since the left hand side has a convergent Laurent series) . 

Applying (the formal power series associated to ^in) to both sides of (3.25) 
and comparing the result with (3.23) and (3.24) one finds 

$inSj(/oc) = OijCj 

where Cj is a diagonal constant matrix (the only gauge automorphisms of Va^ are 
diagonal constants). Thus 

^in = ajCjaj{loc)^^ , (3.27) 

for j = 1, 2, . . . , m, oo. This is to be understood in the sense of formal power series 
at a; = aj{t). 

For J = m + 1, . . . , n let ttj denote the local holomorphic gauge transformation 
constructed in Proposition 1.25b such that 



dx + d 



X 



-d{x-aj{t)) 



aj{t) 



(3.28) 



where is a constant diagonal matrix. Let ajiloc) denote the local holomorphic 
gauge transformation so that 



aj (loc) 



da; + d 



"^■^ -d{x — aj{t)) 



x-aAi) 



(3.29) 



Comparing this with the first term in (3.23) and making use of the fact that Q.ex 
has no dt or d\ components one finds 

x-aj{t) 

If we write dHj = ^^^^^"(1:))^^ for j = m + 1, . . . , n, (remember d = dt + dx) then 
(3.30) can be written 

d^ex^ex ~ dajaj^ — ajdHjaJ^ , (3.31) 

which is analogous to (3.26). 

Applying $j„ to both sides of (3.29) and comparing with (3.28) we find 

^in = OijCjOij{loc)~^ for J = m + 1, . . . , n (3.32) 
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which is analogous to (3.27). 

The formal power series expansion for (3.26) and the powers series expansion 
for (3.30) shows that the integral, 

/ Tr (d^.^^-^^' — 

JCj 

can be "done" by residues to get, 

±Res,=„.(,)l¥ {d^e.K.'^'in^7n) > (3-33) 

with the + choice for j = 1, . . . , n and the - choice for j = oo. We now substitute 
(3.26), (3.27), (3.31) and (3.32) into (3.33). The first term in (3.26) and (3.30) does 
not make a contribution to the formal residue in (3.28) since dajaj^ and 
both have formal power series expansions at x = djit)- After some simplification 
(using cJ^dHjCj — dHj) one finds 

C,- 27rz (334) 

= ibReSjTr (aJ^a'jdHj — a.j{loc)~^di'j{loc)dHj) , 

where ReSj is the residue at a; = aj{t) or oo if j = oo, and the sign ± is + for 
j = 1, . . . ,n and - for j = oo. Combining (3.22) with (3.34) one finds that 

TV(T^iTd5-Td55-i) 

= - ^ReSjTr {aJ^a^dHj - aj{loc)-^a'j{loc)dHj) (3-35) 
j 

where the sum is over j E {1, . . . ,n, oo}. 

Next we make use of the special choice we made for the local models Vj that 
is reflected in (3.7), (3.8) and (3.10). Following the arguments for the proof of part 
(iv) of Proposition 1.35 we find that 

dt,x^eSjTr {aj(loc)-^a'j(loc)dHj) = 0, (3.36) 

for J = 1, . . . , n, oo follows from (3.7), (3.8), and (3.10) in the same way that (1.42) 
follows from (1.41). 

We will now make use of (3.36) to show that the one form in (3.35) is closed 
off the singular set 6. One easily computes 

dTr{Ts'Tds-Tass-^) 
= -IJ2^ ii^s^^d.s, Ts^Tq.s] + T[a.ss-i AS5-1]) dSj A dSk ' 



2 . . 

j>k 
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where s := {t, X) and dk — gf^- This last expression can be computed as in 
Malgrange [17] and one finds 

1 ^ /■ (^d,SS-' {dkSS-')') ds, A dsk. (3.37) 

If {t^, A°) ^ then we may take (t^, A^) = {t^, A°) in the construction above. Note 
that equation (3.35) shows that Tr (Tg^Tas — T^ss-^) is actuaUy independent of 
the choice of (t^, A^), though it does depend on (t°, A°) through aj{loc). With this 
choice for {t^,X^) equations (3.7), (3.8) and (3.10) take on added significance. In 
this case one may choose a global trivialization for i?|pi ^{(to ;\o)j.. If denotes the 
one form for V relative to this trivialization then (3.7), (3.8) and (3.9) show that 
the transition function Sj can be chosen so that it has a holomorphic continuation 
into the exterior of Cj in (including j = oo). Each of the integrals 



then vanishes by Cauchy's theorem. This shows that if (t°, A°) ^ then, 

dTr{Ts'Tds-Tass-^)=0, (3.38) 

at least for the special constructions associated with (t°, A°) = (t^, A^). But we can 
now use (3.35) and (3.36) to show that Tr (Tg^Tas — T^ss-'^) is closed even without 
this restriction. Define 

'^JMU - R-eSj^ {aJ^a'jdHj) , 



which is the one form introduced by Jimbo, Miwa and Ueno in [12]. Then (3.38), 
(3.35) and (3.36) together show that 

^'^JMU = 0' (3-39) 

for (t, A) ^ 0. This result and (3.36) (which is not restricted to the special choice 
(t°, A*^) = (t^, A^)) then show that the right hand side of (3.35) is closed in general 
and we conclude that Tr (Tg^Tas — ^dS5-i) is closed even when {t^,X^) is different 
from (t°, A°). We are now prepared to state the principal result of this paper. 

Theorem 3.40. Suppose that is a connection on the trivial bundle, x 
— > P^, with simple type Vj singularities at the distinct points aj e P-*^ for 
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j G {1, 2, . . . , n, 00} with ttoo := 00. Let (-E, V) denote the vector bundle with 
connection constructed as a deformation of V in Theorem 2.9. Let G denote the 
set of {t, X) eT> such that E\pix{(t,\)} "ot trivial. For (t, A) ^ let OLj and aj he 
defined as in (3.24) and (3.28). Then 

(i) The form defined by 

^m\] = -Yl ^^^^^ {a-^dH^) , (3.41) 
j 

is a closed one form on P\0 and there exists a holomorphic function rjy^jj on V 
such that 

^JMU = ^logTJMU• 
(iiJ The point {t, X) E T> is a zero of rjyijj if and only if (t, A) e 0. 

Proof. Let S denote the transition function defined by (3.14) and (3.15). Then as 
in the proof of Theorem 3.0 one can find an invertible holomorphic parametrix, 

W3{t,X)^q{t,X), 

so that 

Ts{t,\)Q{t, X)~^ = I + trace class, 

for {t, A) e W. Define 

r,(t,A) :=det {Ts^t,x)q{t: X)-^) . 

Then it is clear that Tg{t, A) = if and only if (t, A) G 0. As above write d = dt + dx. 
Then the usual formula for the derivative of a determinant gives 

dlogr, = TV {Ts^Tds - dqq'^) , (3.42) 

off the singular set 0. Comparing this with uj defined by (3.18) above we find that: 

a; - dlogTg = TV {dqq-^ - Tass-^) ■ (3-43) 

The left hand side is a closed form on I4^\0 and the right hand side is holomorphic 
on W. Thus the right hand side of (3.43) is a closed form on W. Since W is simply 
connected it follows that there exists a holomorphic function on so that 

oj - dlogTq = d(j). (3.44) 
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Consulting the definition (3.41) for i^jmu and tlie result (3.35) for ui one finds 

'^JMU ~ ^ = ~ ReSjTr {aj{loc)~^a'j{loc)~^dHj) (3.45) 

3 

The right hand side of (3.45) is a holomorphic one form on W and by (3.36) it is 
closed. Thus there exists a holomorphic function (p onW so that 

'^JMU -^ = d^- (3-46) 
Adding (3.44) and (3.46) and writing $ = + we find 

'^JMU = log Tg + (i$ = d log (e*Tg) . (3.47) 
Thus for some constant, c, we have 

From this it follows immediately that '^jmu(^' '^) = if ^ind only if (t, A) e and 
this finishes the proof of the theorem. QED 
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